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2.1 


Additional exercises for Unit C1 


Additional exercises for Unit Cl 


Section 1 


Elementary operations have been used to solve the 
systems of equations in the following additional 
exercises on Section 1. If you are using these 
additional exercises for revision, then you may 
prefer to use the methods of Section 2. (Of course, 
you should obtain the same final answers by either 
method.) 


Additional Exercise Cl 


Find the solution set of each of the following 
systems of linear equations. 


(a) a2+4y=-7 (b) 42 —-6y=-2 
2r — y=A4 —6x + 9y = —3 
—z + 2y = —5 


(6) p+ q+r=5 
p+2q+3r=11 
3p + q+4r=13 


Additional Exercise C2 


Find the points of intersection of the planes 
xz +y-— z= 0, y— 2z = 0 and 3r- y +5z=0 
in R. 


Additional Exercise C3 


Solve the following system of linear equations in 
four unknowns. 


a—b—2c+ d=3 


b+ c+ d=3 
a—b— c+2d=7 
b+ c+2d=7 


Additional Exercise C4 


Set up a system of linear equations for each of the 
following problems, then solve each system. 


(a) The length of a rectangle is three times its 
width. The perimeter is 40cm. Find its 
dimensions. 


(b) The difference of two numbers is 3, and the 
sum of three times the larger one and twice 
the smaller one is 29. Find the two numbers. 


Section 2 


Additional Exercise C5 


Which of the following are row-reduced matrices? 


0015 
(a) {1007 
0107 
1 14 0 23 
(b) {0 0 1 44 
0 00 0 
100001 
001000 
(c) |0 00010 
00000 0 
00000 0 
0 1 0 =3 12 
001 0 7 
(a) Jo 00 1 2 
000 0 0 
000 0 0 
01 4 0 -6 %4 —è 
© ( 7 3 1) 
0001 3 -2 4 
000 0 
Beor 


Additional Exercise C6 


Solve the systems of linear equations corresponding 
to the following row-reduced augmented matrices. 


(Assume that the unknowns are 21, 22,....) 
10 0| 7 1 2 0/1 
(a) {0 1 0} -6 (b) {0 0 1]3 
00 1 5 0 0 0/0 
1 0 4 010/0 
(c) |e 1 -3 olo 
0 0 0 1/0 
1 3 0 -—2 00 
a) {0 0 1 2140 
0 0 0 0 Oj; 1 
1 0 —5 0| 4 
S 0 1 —7 3/12 
“loo 0 0] 0 
0 0 0 0] 0 


Additional Exercise C7 


Solve each of the following systems of linear 
equations by reducing its augmented matrix to 
row-reduced form. 


(a) 3x — lly —3z=3 


2x — by —-—2z=1 
5x — 17y — 6z = 2 
4x — 8y =7 

(b) a — 4c — 2d = —1 
a + 2b — 2c + 4d = 6 
2a + 4b — 3c + 9d = 9 
2a b — 5c d= —4 


(c) 2x1 + 2x2 — 5x3 + 624 + 10z5 = —2 
2%, + 2£2 — 6x3 + 6%4 + 825 =0 
221 = &3 + 224 + Ttg =7 

v1 + 2z — 543 + 5x4 + 4r5 = —3 


Section 3 


Additional Exercise C8 


Let A = r ) and B = € T Evaluate 
the following. 

(a) A+B (b) A-B (c) B-A 

(d) AB (c) BA (f) A? (g) AT 
(b) B? (i) ATBT 


Additional Exercise C9 


Suppose that we are given matrices of the following 
sizes: 

A:2x1, B: 4x3, C: 3x2, D: 
E: 3x3, F: 3x4, G: 2x4. 
Which of the following expressions are defined? 
Give the size of the resulting matrix for those that 
are defined. 


1 x4, 


(a) FB+E (b) GFT- ADB 
(c) BF — (FB)? (d) C(AD +G) 
(e) (CA)D (f) ETBTGTCT 


Additional exercises for Unit C1 
Section 4 


Additional Exercise C10 


Let A be an invertible matrix. Prove that if k is a 
non-zero number, then kA is invertible, with 


(kA) = (1/k) A~}. 
Additional Exercise C11 
Use Strategy C3 to determine whether or not each 


of the following matrices is invertible, and find the 
inverse if it exists. 


of) (2) 


1 24 141 
@. |-2 -1 1 (a) [1 6 3 
l 11 2 3 0 
1 0 0 3 
0 1 2 0 
(e) 0 -1 -1 0 
-1 0 0 -2 


Additional Exercise C12 


Use your answers to Additional Exercise C11 (a) 

and (d) to solve the following systems of linear 

equations. 

(a) 22+ 3y=3 (b) 
3x + 5y=4 


zı + 4zr2 + v3 =4 
xı + 6%2 + 3%3 = 6 
224 T. 322 =9 


Additional Exercise C13 Challenging 


(a) Prove that a square matrix is invertible if and 
only if it can be expressed as a product of 
elementary matrices. 


Hint: Use ideas from the proof of the 
Invertibility Theorem (Theorem C7). 


Express the matrix in Additional 
Exercise C11(a) as a product of elementary 
matrices. 


Section 5 


Additional Exercise C14 


2 0 1 
Let A= (i a and B= (5 


the following. 


—l 
3 . Evaluate 


(a) det A (b) det B (c) det(A + B) 
(d) det(AB) (e) det(BA) (£) det(A?) 
(g) det AT (h) det(AB)” (i) det A~! 


Additional Exercise C15 


Determine whether or not each of the following 


matrices is invertible, and find the inverse where it 


exists. 


oC) oC 


Additional Exercise C16 


Evaluate the determinant of each of the following 
matrices. 

5 —31 10 12 
(a) —1 4 -2 4 

2 10 4 16 


3 17 6 21 

7 10 —1 0 2 

1 5 020 
(b) |o 2 000 
3—6 371 

3 4 301 


Additional Exercise C17 


Determine whether or not each of the following 
matrices is invertible. 


2 14 121 
(a) 1 -1 3 (b) [2 1 2 
-2 15 222 
1000 
2100 
() 13 910 
4321 


Additional exercises for Unit C1 


Additional Exercise C18 


Prove that an n x n matrix A is invertible if and 
only if AAT is invertible. 


Solutions to additional exercises for Unit C1 


Solutions to additional exercises for Unit Cl 


Solution to Additional Exercise Cl 


(a) We label the equations and apply elementary 
operations to simplify the system. 


rı z + 4y = -7 
r2 2r— y=4 
r3 —“% + 2y = —5 
x + 4y = -7 
rə > ro — 2r1 — 9y = 18 
r3 > r3 +ri 6y = —12 
xz +4y=— 
r2 > — $82 = —2 
6y = -12 
rı > rı — 4r2 g= 
y=-2 
r3 > r3 — r2 0=0 


We conclude that there is a unique solution: x = 1, 
y= —2. 


(b) We label the equations and apply elementary 
operations to simplify the system. 


rı 4x — ôy = —2 
r2 —6x + 9y = —3 
rı > iri T= 3y = 5 
—6x + 9y = —-3 
Be | 
a ca 
ro > rə + 6r1 0=-6 
Equation rə is 0 = —6, so we conclude that this 


system of linear equations is inconsistent: the 
solution set is the empty set. 


(c) We label the equations and apply elementary 
operations to simplify the system. 


rı p+ q+ r=5 
ro p+2q+3r=11 
r3 3p+ q+4r=13 
p+ qt r=5 
Yo > ro — ri q+2r=6 
r3 > r3 — 3r1 —2q + r= -—2 
ri > ri—= rs p — r=-l 
q+2r=6 
r3 > r3 + 2r2 or = 10 


p - r=-l 

q+2r=6 

r3 > irz r=2 
rı > rı + r3 p=1 
ro > ro — 2r3 q=2 
r=2 


We conclude that there is a unique solution: p = 1, 
q=2,r=2. 


Solution to Additional Exercise C2 


The points of intersection of the three planes 
correspond to the solutions of the following 
homogeneous system of linear equations in the 
three unknowns z, y and z: 


rty- z=0 
y — 2z=0 
3z —y+5z=0. 


We label the equations and apply elementary 
operations to simplify the system. 


rı xt+ty- z=0 
r2 y—2z=0 
r3 3z —y+5z=0 
rt y- z=0 
y — 2z=0 
r3 > r3 — 3r1 —4y + 8z =0 
rı > rı — r2 x + z=0 
y—2z=0 
r3 > r3 + 4r2 0=0 


The r3 equation (0 = 0) gives no constraints on 2, 
y and z. We cannot simplify the system further: we 
conclude that there are infinitely many solutions. 


As both equations involve a z-term, we set z equal 
to the real parameter k, giving 


t=-k, y=2k, z=k, kER. 


The solution set is 
{(—k,2k,k):k € R}, 


and so the three planes intersect in a line. 


Solution to Additional Exercise C3 


We label the equations and apply elementary 
operations to simplify the system. 


rı a—b—2c+ d=3 
r2 b+ c+ d=3 
r3 a—b— c+2d=7 
r4 b+ c+2d=7 
a—b—2c+ d=3 
b+ c+ d=3 
rs > r3 — ry c+ d=4 
b+ c+2d=7 
rı > rı +r2 a —c+2d=6 
b+c+ d=3 
c+ d=4 
r4 >r4-—roə d=4 
rı > rı + 743 a + 3d = 10 
fg 7 Yo —-T3 b =-l 
c+ d=4 
d=4 
rı > rı — 3r4 a=-2 
b=-1 
r3 > r3 — r4 c=0 
d=4 


We conclude that there is a unique solution: 
a = —2, b = —1, c = 0, d = 4. 
Solution to Additional Exercise C4 


(a) Let the length of the rectangle be / and the 
width be w (both in cm). 


The first statement can now be written as 
l = 3w, 

and the second as 
2l + 2w = 40. 


We write these two equations in the usual form, 
label them and apply elementary operations. 


rı l— 3w=0 
ro 2l + 2w = 40 
l- 3w=0 
rə > rə — 2r) 8w = 40 
l- 3w=0 
ro > gre w=5 
rı > rı + 3r2 l=15 
w=5 


Solutions to additional exercises for Unit C1 


The system has a unique solution: l = 15, w = 5. 


The answer to the problem is that the length of 
the rectangle is 15cm and the width is 5cm. 


(b) Let the larger number be l and the smaller 
number be s. 


The first statement can be written as 
l—-s=3, 

and the second as 
3l + 25 = 29. 


We label these equations and apply elementary 
operations. 


rı l— s=3 
r2 3l + 2s = 29 
l— s=3 
rə > rə — 3r] 5s = 20 
l-s=3 
r2 > tro s=4 
rı > rı + r2 l=7 
s=4 


The system has a unique solution: l = 7, s = 4. 


The answer to the problem is that the two 
numbers are 7 and 4. 


Solution to Additional Exercise C5 
(a) Not row-reduced: it does not have property 3. 
(b) Row-reduced. 

(c) Row-reduced. 

(d) Not row-reduced: it does not have property 4. 
(e) Row-reduced. 

(£) Row-reduced. 


Solution to Additional Exercise C6 


(a) The augmented matrix corresponds to the 
system 


T1 =7 
T2 = —6 
T3 = 5. 
The solution is z1 = 7, £2 = —6, £3 = 5. 


(b) The augmented matrix corresponds to the 
system 


a+ Ft. =1 
T3 = 3, 
that is, 
tı = 1— £22, 
T3 = 3. 


Setting z2 = k (k € R), we obtain the general 
solution 


zı =1- $k, 
rg =k, 
£3 = 3. 


(c) The augmented matrix corresponds to the 
system 


Ly + 4273 =0 
T2 — 3X3 =0 
T4 = 0, 
that is, 
xı = —4z3, 
T2 = 3T3, 
T4 = 0. 


Setting z3 = k (k € R), we obtain the general 
solution 


Ti = —4k, 
T2 = 3k, 
T3 = k, 
z4 = 0. 


(d) The augmented matrix corresponds to the 
system 


£1 + 329 — 274 =0 
£3 + 2x4 + 25 =0 
0=1. 


The third equation cannot be satisfied, so there are 


no solutions. 


(e) The augmented matrix corresponds to the 
system 


Tı — T3 = 4 
z2 — 723 + 3x4 = 12, 


that is, 


Ti = 4+ 5x3, 
tq = 12 + 7x3 — 3x4. 


Solutions to additional exercises for Unit C1 


Setting z3 = k and z4 = l (k,l € R), we obtain the 


general solution 


zı = 4+ 5k, 

z2 = 124 7k — 3l, 
ğa =k, 

TaSi 


Solution to Additional Exercise C7 
We follow Strategy C2. 


(Although your row-reduction sequences may differ 


from these, your final answers should agree!) 


(a) We row-reduce the augmented matrix. 


rı 3 -11 -33 —8 
ro 2 -6 —-2)1 =5 
rs 5 -17 -6/2] -16 
r4 4 —8 07 3 
rı > rı — rə 1 —5 -1]|2 —3 
2 —6 —2)1 =0 
5 —17 -6]/2] —16 
4 —8 07 3 
1 —5 -l1 2\ —3 
ro > ro — 2r1 0 4 0| — 1 
r3 > r3 — Ory} 0 8 -l1]|- —1 
Yri => raS 4rı 0 12 4| — 15 
1 —5 -l1 2\ =9 
ro > {r2 0 1 oO;-3]) 4 
0 8 —1|—8] -1 
0 12 4| —1 15 
rı > rı + 5r2 1 0 -1|-f\ -$ 
o1 O};-#]) 4 
r3 > r3 — 8r2 0 0 -1| -2 —3 
r4 > r4 — 12ro 0 0 4 8 12 
1 0 -1|-7\ -$ 
01 O|-3 ; 
r3 = -r3 0 0 1 2 3 
0 0 4 8 12 
rı > rı +r3 1 0 0 1 5 
3 i 
6-1-9) 22) 4 
0 0 1 2] 3 
r4 > r4 — 4r3 000 0/7 0 


This matrix is in row-reduced form. 
The corresponding system is 


Thus the solution is « = 7 y= —3, Z=2. 


Solutions to additional exercises for Unit C1 


(b) We row-reduce the augmented matrix. 1 2-5 5 4/-3\ 4 
rı 1 0 4 2 1 E r2 7 ro — 2rı 0 —2 4 —4 0 6 4 
ro 12 2 4 6 11 r3 > r3 = 2rı 0 —4 9 —8 —1]| 13 9 
r3 24 -3 9 9 21 r4 > r4 — 2r, 0 -2 5 —4 2 4 5 
r4 2 1 -5 1|—4/ —5 1 2-5 5 4ļ|-3 4 
io -4 29144 6 ry > —$rə 0 1—2 2 0ļ|-3ļ|-2 
rə > r2 — ri 0 2 2 6 T leg r -5 : = k a + 
r3 => r3= 2rı 0 4 5 13 11 33 E E 
r4 > r4— 2r, 0 1 3 0 | —2 7 rı > rı — 2ro 1 0 —1 1 4 3 8 
10 4 2 1 6 01-22 O;-3] -2 
ro > rz — r4 0 1 -1 1 9 10 r3 > r3 + 4r2 0 0 1 0 —1 1 1 
0 4 5 13| 11 33 r4 > r4 + 2r2 00 10 2j|-—2 1 
01 3 5ļ|—2 T rı > rı + r3 1001 3| 4\ 9 
10 4 2 1 6 ro > r2 + 2r3 0 1 0 2 —2|—1| 0 
01 1 1 9 10 0010-1; 1] 1 
r3>rs—4r |0 0 9 9/25] -7 i a a a 
r4 > r4— r2 00 4 4ļ|=11/ -3 1001 3| 4\ 9 
10 4 2 1 6 0 1 0 2 —2|—1| 0 
0010-1; 1] 1 
oo | el r4 > tra 0000 1ıļ|-1/ 0 
r3 > r3 — 2r4 0 0 1 1 —3 —1 3 
00 4 4}]-11/ -3 rı > rı — 3r4 10010] 7\ 9 
ri >r +4rs /1 0 0 2|-13\ —10 le t dig FES : 
r>rz>+r3 (010 2] 6 9 i TT 
00 11l —3 1 000 0 1ļ|-1/ 0 
r4 > r4 — 4r3 0000 1 1 This matrix is in row-reduced form. 
This matrix is in row-reduced form. The corresponding system is 
The corresponding system is zı + zt4 =7 
a + 2d = —13 rq +2%4 =—3 
b +2d=6 v3 =e f 
c+ d=-3 T5 = — 4, 
0=1. that is, 
The fourth equation cannot be satisfied, so there tı =T — q4 
are no solutions. to = —3 — 244 
The last matrix in the above row-reduction t3 =0 
corresponds to a system containing the equation z5 =-1 
0 = 1. We could have concluded that the given Setting x4 = k (k € R), we obtain the general 
system has no solutions at this point, or earlier. solution 
(c) We row-reduce the augmented matrix. rı =7-—k, 
rı 2 2 —5 6 10|-2\ 13 £2 = —3 — 2k, 
ro 22-66 8| O| 12 x3 = 0, 
r3 SU. =) 2 7| 7|17 r4 =k, 
r4 12-55 4|-3 4 z5 = — 1. 
rı © r4 1 2 —5 5 4|—3 4 
22-66 8| O| 12 
20-12 7| 7| 17 
2 2 —5 6 10|—2/ 13 


Solutions to additional exercises for Unit C1 


Solution to Additional Exercise C8 But 
i- s 
(a) A+B = 5) (kA) (ža i 7 (i x z) (AA~*) 
=1I=I 
— 9 i 
(b) a-B=( 3 E and 
osaami) Gaw 
2 39 ==], 
a (e = as required. 
(©) BA=(5) 3s) Solution to Additional Exercise C11 


19 =) (a) We row-reduce (A | I). 


rı 3 | 1 ') 6 
ro 3 5 0 1) 9 
(8) A = À 1 1 
= rı > ri € 3 | p) ') 3 
(h) BT ( : *) 35 0 1} 9 
= & 3 | 5 0\ 3 
‘ =f 2 ro > ro — 3r 0 2/3 1} 0 
TPT — Ta 2 2 1 5) 5) 
(i) A'B (BA) © 5) : 
(( 3 | į J 3 
Solution to Additional Exercise C9 r2 => 2r2 0 1ļ=-3 2/0 
(a) FB:3x3, E:3x3. rı > rı — 582 ę oj 5 >| 
The matrix FB + E exists and is 3 x 3. 0 1|-=3 2) 0 
(b) FT:4x3, GFT:2x3, AD:2x4 The left half has been reduced to I, so the given 
ADB:?2x3. ? i matrix is invertible: its inverse is 
The matrix GFT — ADB exists and is 2 x 3. A`! = ( A E : 


(c) BF:4x4, FB:3x3, (FB)? :3x3. 
The matrix BF — (FB)’ does not exist, since BF (b) We row-reduce (A | I). 


and (FB)? are different sizes. rı k 4 | 1 a 3 
(d) AD:2x4, AD+G:2x4, C:3x2. r2 3 -6| 0 I} -2 
The matrix C(AD + G) exists and is 3 x 4. rı > -4r ( 1 -2 | -4 3 -3 
(e) CA:3x1, (CA) :1x3, D:1x4. 3 -6| 0 1% -2 
The matrix (CA)TD does not exist, since (CA)T 1 —2|-4 0\ -3 
is size 1 x 3 and D is size 1 x 4. ro > Yo — 3r] 0 0 3 1 3 
(£) E’B'G'C! = (CGBE)’. The left half is now in row-reduced form, but it is 
CG:3x4, CGB:3x3, CGBE: 3x 3, not the identity matrix. Therefore the given 
(CGBE)! : 3 x 3. matrix is not invertible. 
The matrix E7B’G7C? exists and is 3 x 3. (c) We row-reduce (A | I). 

r an r rı 1 2 4 1 0 0 8 
Solution to Additional Exercise C10 5 1 110 t pl-i 
To prove that kA is invertible, with inverse r3 1 1 1 0o 0 1 4 


(1/k) AT}, we have to show that 


1a oe fla rə >r+2r: |0 3 9| 2 1 Of 15 
(kA) (ZA )=1= (fa ) ay, Bish W -1 -3|-1 0 ied 


1 2 4| 1 0 OPV 8 
ro > 462 0 1 3| 2 4 O} 5 
0 =1 -3|—-1 0 1/—4 
fone /1 0 2|- -2 A-2 
0 1 3 3 i 0} 5 
r3 > r3 +72 0 0 0 k i 1 1 


The left half is now in row-reduced form, but it is 
not the identity matrix. Therefore the given 
matrix is not invertible. 


(d) We row-reduce (A | I). 


rı 1 4 1 1 0 07 
ro 1 6 3 0 1 QO} 11 
r3 2 3 0| 0 0 1/ 6 
1 4 1 1 0 0 7 
rə > r2 — rı 0 2 2ļ|—1 I 0 4 
r3 > rg—2r, 0 -5 -—2] -—2 0 1/ —8 
1 4 1 1 0 0 fg 
ro > $rv 0 1 1/-3; 4 O} 2 
0 -5 -2]| -2 0 1/ -8 
ri => rı —4ro 1 0 -3 3 —2 0\ -1 
0 1 1/-3 4 Of] 2 
r3>r3t5r. \O 0 3/-3 š I) 2 
1 0 -3 3 —2 0\—1 
0 1 1/-5 4 0ļ] 2 
r3 => 413 0 0 1 -š 2 i 2 
rı > rı+3r3 /1 0 o0ļ- 4 1\1 
ro >rz—-r3 |0 1 Oj 1 -5 -3 3 
3 
0 0 1ļj-3 § 3/3 
The left half has been reduced to I, so the given 
matrix is invertible: its inverse is 
_3 1 1 
AT! a l H 1 
3 B Í 
2 6 3 
(e) We row-reduce (A |T). 
rı 1 0 0 3| 1 0 0 O\5 
ro 0 1 2 0| 0 1 0 Of} 4 
r3 0—1—1 0| 0 O 1 0ļ=1 
r4 —1 0 0-2] 0 0 0 1/-2 
1 0 0 3| 1 0 0 O\ 5 
0 1 2 0/ 0 1 0 Oj} 4 
0-1-1 0| 0 O 1 Of-1 
r4 > r4 +rı 0 0 0 1| 1 0 0 1/ 3 
1 0 0 3| 1 0 0 O\ 5 
0 1 2 0| 0 1 0O Of 4 
r3 > r3 + ro 0 0 1 0| 0 1 1 =O7F 3 
0 0 0 1| 1 0 0 1/3 


Solutions to additional exercises for Unit C1 


1 0 0 3| 1 0 0 O\ 5 
rə > r2—2r3 |O 1 0 OF] O-1-2 O]-2 
0 0 1 0| O 1 1 OF 3 
0 0 O 1| 1 0 0 T/ 3 
ry—>ry—3sr4 /1 0 0 O]-2 0 O0-3\-4 
0 1 0 0}; 0-1-2 O}-2 
0 0 1 0| O 1 1 OF 3 
0 0 O 1| 1 0 0 T/ 3 


The left half has been reduced to I, so the given 
matrix is invertible: its inverse is 


—2 0 0 —3 
0 —1 -2 0 

S 
aan 0 1 1 0 
1 0 0 1 


Solution to Additional Exercise C12 


(a) The matrix form of the system is 


E266) 


Multiplying this equation on the left by the inverse 
of the coefficient matrix (from Additional 
Exercise C11(a)) gives the solution 


A .( 5 -3\73\_ ¢ 3X. 
y) \-38 2) W) \-1/’ 
that is, x = 3, y= —1. 
(b) The matrix form of the system is 


1 4 1 Tı 4 
1 6 3 rg) =|6 
2 3 0 T3 9 


Multiplying this equation on the left by the inverse 
of the coefficient matrix (from Additional 
Exercise C11(d)) gives the solution 


zı -3 4 N\A 6 
1 
a|=|{ 1 - -1)]/6|=|-1); 
a \-$ § a \2 
that is, 7] = 6, £2 = —1, z3 = 2. 


Solution to Additional Exercise C13 


(a) Let A be an n x n matrix. 


First we show that if a square matrix can be 
expressed as a product of elementary matrices, 
then it is invertible. 


Every elementary matrix is invertible (by 
Corollary C13), and the product of invertible 
matrices is invertible (by Theorem C5). So if A 


10 


can be expressed as a product of elementary 
matrices, then A is invertible. 

Next we show that if a square matrix is invertible, 
then it can be expressed as a product of 
elementary matrices. 

Suppose that A is invertible. Then, by the 
Invertibility Theorem, the row-reduced form of A 
is I. Let E,, E2,..., Ep be the n x n elementary 
matrices associated with a sequence of elementary 


row operations that transforms A to I, in the same 
order. Then, by Corollary C11, 


I=BA, 


where B = E,Ex_1--- E2E1. Now B is a product 
of invertible matrices, and is therefore itself an 
invertible matrix. Multiplying both sides of the 
above equation on the left by B7} yields 


BI = B™tBA, 
that is, 
Bo =A. 
So 
(E,E,-1-++E2E,)"' = A, 
which, by Theorem C5, is equivalent to 
EJE,- E7" =A. 


By Corollary C13, the inverse of every elementary 
matrix is an elementary matrix, and so this 
expresses A as a product of elementary matrices. 


(b) Let A be the matrix in Additional 

Exercise C11(a). It is transformed to I by the 
sequence of elementary row operations rı + $71, 
ro fo = 3r1, ro => 2ro, ri fy = ary (see the 
solution to Additional Exercise C11(a)), with 


associated elementary matrices 


(63) Ga a): (2) D 


— 


Solutions to additional exercises for Unit C1 


Therefore, by the argument in part (a) above, 


6) GOED 
Sco le Gy ce) 


(The inverses of the elementary matrices are easily 
found using the argument in the proof of 
Corollary C13.) 


Using a different sequence of row operations to 
row-reduce A would lead to a different way of 
expressing A as a product of elementary matrices — 
so your solution may differ from the one above. 


Solution to Additional Exercise C14 


(a) deta =|; i] =@x1)-@x4)=2 

(b) aetB=|_} T= 0x5- 1x2) =3 
(c) 

det(A +B) = | T = @ x8) — (1x2) = 20 


(d) det(AB) = (det A)(det B) = 6 
(e) det(BA) = (det B)(det A) = 6 
(£) det(A?) = (det A)? = 4 
(g) det AT = det A = 2 
(h) det(AB)? = det(AB) = 6 
(i) Since det A 4 0, 

det A~! = 1/(det A) = 4. 


Solution to Additional Exercise C15 
(a) We first evaluate the determinant of the 


matrix: 


2 1 


1 9| 5S 


This determinant is non-zero, so the matrix is 
invertible by Theorem C17. The inverse is 


12 3\-1 2 "E 
(b) We first evaluate the determinant of the 
matrix: 


2 —=2 


= 1 =0. 


This determinant is zero, so the matrix is not 
invertible by Theorem C17. 
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(c) We first evaluate the determinant of the 
matrix: 


This determinant is non-zero, so the matrix is 
invertible by Theorem C17. The inverse is 


10 21\"_ y f-7 -21 
=A at) THEKLA. 16 
3 


Solution to Additional Exercise C16 


(a) The first and third columns are proportional, 
since 


5 10 

=l =2 

2 2 4 
3 6 


The determinant is therefore zero, by 
Theorem C16. 


(b) We interchange the first and third rows, and 
apply Theorems C14 and C15, giving 


7 10 —1 0 2 
1 5 02 0 
0 2 000 
3 —6 3 7 1 
3 4 3 0 1 

0 2 0 0 0 

1 5 0 2 0 

=(-\7 ao 41 02 

3 —6 3 7 1 

3 4 3 0 1 

1 0 2 0 

7 -1 0 2 

3 3 0 1 
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Notice that the second 3 x 3 determinant vanishes, 
by Theorem C16, since the second and third rows 
are equal. 


Solution to Additional Exercise C17 


In each part, we evaluate the determinant to 
determine whether or not the matrix is invertible. 


(a) We have 
2 1 4 
1 —1 3 
—2 1 5 
-1 3 1 3 1 —1 
=2| 1 -| aal i 
= —16— 11— 4 
= —3l. 


The determinant of this matrix is non-zero, so the 
matrix is invertible by Theorem C17. 


(b) By Theorem C16, the determinant is zero, 


since the first and third columns are equal. The 
matrix is therefore not invertible by Theorem C17. 


(c) We have 
1000 
210 0f h S o o 
3210 kaq 21 l 
4 3 2 1 


The determinant is non-zero, so the matrix is 
invertible. 


Solution to Additional Exercise C18 


We first show that if AAT is invertible, then A is 
invertible. 


Suppose that AAT is invertible. Then, by 
Theorem C17, det(AAT) is non-zero, and by 
Theorem C14 


det(AAT) = (det A) (det AT). 


So det A and det AT are also non-zero, and 
therefore A and AT are both invertible. 


We now show that if A is invertible, then AAT is 
invertible. 


Suppose that A is invertible. Then det A and 
det AT are non-zero, by Theorems C14 and C17, so 


(det A)(det AT) = det(AA”) £ 0. 


So AAT is invertible, as required. 
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Additional exercises for Unit C2 


Section 1 


Additional Exercise C19 


Show that the following are not vector spaces, by 
finding an axiom that fails. Assume the usual 
definitions of addition and scalar multiplication for 
the elements of these sets. 


(a) V={2+ar:aeR} 
(b) V={(a,y,2+y—3) E€ R®:2,y € R} 
(c) V={(z,y): 220, x,y E€ R} 


(d) Pad; ') sad- be=1} 


Section 2 


Additional Exercise C20 


Calculate 2u — v for each of the following vectors u 
and v, and draw a diagram in part (a) showing the 
resulting vector geometrically. 


(a) In R?, u = (3,—1) and v = (2,4). 
(b) In RÌ, u = (1,2,0) and v = (0, —1, ł). 


Additional Exercise C21 
Let u = (1,0,1), v = (—1, 1,0), w = (0,0,1) and 
z = (1,1,0). 
(a) Calculate the linear combination 2u — v + 3w. 


(b) Find real numbers a, 8, y such that 
au + v + yw = (0,1,0). 

(c) Do there exist real numbers a and ( such that 
au + Bv = (0,1,0)? 


(d) Find all possible real numbers a, 3, y and 6 
such that 


au + Bv + yw + 6z = (0,1,0). 


Additional Exercise C22 


Let S = {(1,1,0), (0,1, 1)}. 


(a) Do the vectors (0,2,0) and (5,1, —4) belong 
to the span (S)? 


(b) Give a simple geometric description of the 
span (S). 


Additional Exercise C23 


Give a simple geometric description of the 
span (S) of the given sets. 


(a) In R?, S = {(2,—1)}. 
(b) In RÌ, S = {(0, —1, 1), (0,2, —3)}. 


Additional Exercise C24 


Give an algebraic description of the span (S) of the 
given sets. 


(a) In P3, the set S = {1 + 2x}. 
1 0 0 0 
(b) In M22, the set S = ae o) , 5) i 


Additional Exercise C25 


Show that the set {(—1,0), (2,1)} spans R?. 


Section 3 


Additional Exercise C26 


Determine which of the following sets are linearly 
independent. 


(a) {(0,0), (1,1)} in R?. 
(b) {(1,1,0), (1,0,1), (0,1,1)} in R. 
(c) {1 +2zr,3x,2 — 4a} in Pp. 
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Additional Exercise C27 


By testing for linear independence and spanning, 
using Strategy C8, determine in each case whether 
the set S is a basis for the vector space V. 


ovate s- (C) C} 


(b) V = P, S={2+2,3-27}. 
(c) V=C, S={1-2i,2— 4i}. 
Additional Exercise C28 


Determine in each of the following cases whether 
the set S is a basis for the vector space V. 


(a) V=R’, S={(3,2),(25)}- 

(b) V=R°, S = {(1,2, —3), (4,7, —5)}. 

(c) V=Rf, S ={(1,0,0,0), (1,1,0,0), 
(1,1,1,0), (1,1,1, 1)}. 


Additional Exercise C29 


(a) Let E = {(—3,1),(1,2)} be a basis for R?. 
Determine the standard coordinate 
representation of (2,1) pf. 


(b) Let E = {(1,0,2),(—1, 1,3), (2,-2,0)} bea 
basis for RÌ. Determine the standard 
coordinate representation of (1, —2,3)z. 


Additional Exercise C30 


(a) Find the E-coordinate representation of the 
vector (6,5) with respect to the basis 
E = {(—3, 1), (1,2)} for R?. 

(b) Find the E-coordinate representation of the 
vector (3,5,—5) with respect to the basis 
E = {(1,2,0), (1,3, 1), (0,2, —2)} for R3. 


Additional exercises for Unit C2 
Section 4 


Additional Exercise C31 


Prove Theorem C27 by considering each of the 
axioms in the definition of a vector space and 
showing that they are true for a subset of a vector 
space if the conditions of Theorem C27 are 
satisfied. 


Theorem C27 


A subset S of a vector space V is a subspace 
of V if it satisfies the following conditions. 


(a) OES, 
(b) S is closed under vector addition. 


(c) S is closed under scalar multiplication. 


Additional Exercise C32 


Determine whether each of the following subsets S 
is a subspace of the given vector space V. 


(a) V=R?, S=({(a,y,2xe+y):2,y €R}. 
(b) V=R?, S={(a,2-—3):2€R}. 
(c) V=R’, 


S = {(x,y, £ + 3y, 2x — y) : x,y € R}. 
(d) V=P3, S={ax?:a€R}. 
(e) V=R’, 

S={(z,y):220, y20, x,y E R}. 


1\ /-1 
(f) V = M31, s=( o], | 2 ) 
3 0 


Additional Exercise C33 


Find a basis, and hence the dimension, for each of 
the subspaces in Additional Exercise C32. 
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Section 5 


Additional Exercise C34 
Let vı = (1,5, —3, 4, —7) and v2 = (2, 8,0, —7, —2) 
be vectors in R5. 
(a) Calculate the scalar product v1 » vo. 


(b) Determine the magnitude of vı and of vo. 


Additional Exercise C35 


(a) Verify that 
{(5, 5,5, 5), (5, —5, —5, 5), (5, 0,0, —5), (0,5, —5, 0)} 
is an orthogonal basis for R£. 


(b) Express the vector (5,0,0,0) as a linear 
combination of the basis vectors in part (a). 


(c) Determine the corresponding orthonormal 
basis for R£. 


Additional Exercise C36 


(a) Choose a pair of linearly independent vectors 
that lie in the plane orthogonal to (1, —2, 2). 


Hint: Choose vectors that are as simple as 
possible to work with, for example, ones 
containing small numbers and at least one 
Zero. 


(b) Apply the Gram-Schmidt orthogonalisation 
process to find an orthogonal basis for the 
plane orthogonal to (1, —2, 2). 


(c) Hence write down an orthogonal basis for R® 
containing the vector (1, —2, 2). 


(d) Determine the corresponding orthonormal 
basis for R°. 


Additional Exercise C37 
Starting with the basis 
{(2, 2, 1,0), (1, 2, 0, 2), (0, 1, 2, 2), (2,0, 2, 1)} 


for Rt, use the Gram-Schmidt orthogonalisation 
process to find an orthogonal basis for R4. 


Additional exercises for Unit C2 
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Solutions to additional exercises for Unit C2 


Solution to Additional Exercise C19 


(a) Consider pı(x) = 2 and po(x%) = 2 + z, which 
belong to V. Then 


pi(x) + p(x) = 24+ (242) 
=4+4 2. 


This polynomial is not of the form p(x) = 2+ ax 
and so does not belong to V. 


Therefore V fails to satisfy the closure axiom (A1), 
and so is not a vector space. 


Other axioms also fail here, or do not make sense: 
for example, you may have spotted that V fails the 
additive identity axiom (A3) since it contains no 
zero vector, and therefore the additive inverses 
property (A4) makes no sense here. 


Alternatively, you may have spotted that the 
closure axiom (S1) also fails: let a € R, then 
apı (x) = 2a, which is not of the form 

p(x) = 2+ az and so does not belong to V. 
(b) Consider u = (1,0,—2) and v = (0,1, —2), 
which belong to V. Then 


u +v = (1,0,—2) + (0,1, —2) 
=) esd), 


This does not belong to V, since 
141=3=417 =4, 


Therefore V fails to satisfy the closure axiom (A1), 
and so is not a vector space. 


Again, other axioms also fail here: for example, 
you may have spotted that V fails the additive 
identity axiom (A3) since it contains no zero 
vector, and it fails the closure axiom (S1). 


(c) Consider u = (1,0) anda = —1. Then u € V, 
but —1u = (—1,0) does not belong to V, since 
—1 <0. 


Therefore V fails to satisfy the closure axiom (S1). 


Again, other axioms fail here, although the closure 
axiom (A1) and additive identity axiom (A3) do 
hold. You may have spotted that the additive 
inverses property (A4) fails because —u = (—1, 0) 
is not in V. 


(d) Consider the following matrices with 
determinant 1 (that is, for each, ad — bc = 1): 


1 0 0 -1 
a=(0 1), BG a) 
Then A,B € V, but 
1 -1 
avpe(! 2) 
has determinant (1 x 1) — 
does not belong to V. 


(—1 x 1) = 2, and so 


Therefore V fails to satisfy the closure axiom (A1). 


Again, other axioms also fail here, for example, you 
may have spotted that V fails the additive identity 
axiom (A3) since it contains no zero vector, or it 
fails the closure axiom (S1). 


Solution to Additional Exercise C20 


(2, 4) 
(2, 4) = 


(a) 2u—v = 2(3,—1) — 
= (6,—-2) — 


(4, =6) 


(b) 2u—v = (2,4,0) — 


= (2,5,-4) 
Solution to Additional Exercise C21 
(a) 2u — v + 3w 


(0, =1, 3) 


= 2(1,0,1) — (—1, 1,0) + 3(0,0, 1) 
= (2,0,2) — (—1, 1,0) + (0,0,3) 
= (3, —1,5) 
(b) au + 8v + yw 
= a(1,0,1) + 8(—1,1,0) + (0,0, 1) 
= (a— 8, Ba +y) = (0,1 , 0) 
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Equating corresponding coordinates, we obtain the 
system 


Solving these equations gives a = 6 = 1 and 
y=-l1. 
(c) From part (b), the only possibility is 
a=6=1. But 
u+v = (1,0,1) + (-1,1,0) 
= (0, 1,1) Æ (0,1,0). 
So there do not exist any suitable a and £. 
(d) au + 8v + yw + ôz 
= a(1,0,1) + 8(—1,1,0) + 7(0, 0, 1) 
+ 6(1, 1,0) 
=(a—6+06,8+6,a+7) 
= (0,1,0). 
Equating corresponding coordinates, we obtain the 
system 


a— 6 +6=0 
B +ô=1 
a +y =0. 


Solving these equations, we let ô be any real 
number k. Then we find 


B=1-k, a=1-2k, y=-14+2k. 


The general solution is 


a=1-2k, 
B=1-k, 

y=-—1+2k, 
ô= k, 


for any real number k. 


(There are other forms of this solution if you let 
one of the other coefficients equal k, but they are 
all equivalent.) 


Solution to Additional Exercise C22 
(a) We use Strategy C6. 
We write 
(0,2,0) = a(1,1,0) + 8(0,1,1) 
= (a,a + b, p). 


Solutions to additional exercises for Unit C2 


Equating corresponding coordinates gives the 
system 


This system is inconsistent and therefore has no 
solution, so (0,2,0) does not lie in the span of S. 


Similarly, we write 
(5,1, —4) = a(1, 1,0) + 8(0, 1,1) 
= (a,a + B, b). 


Equating corresponding coordinates gives the 
system 


Q — 
a+ß=1 
B=-4 
The unique solution is œ = 5 and 6 = —4, which 
gives 


(5,1, —4) = 5(1, 1,0) — 4(0,1,1), 

so (5,1, —4) lies in the span of S. 

(b) The vectors in (S) are those of the form 
a(1,1,0) + 6(0,1,1) = (a,a+t+ 8, 8), 


for a, 3 € R. Thus the span (SY consists of all 
vectors in R® whose middle coordinate is the sum 
of the other two. 


Geometrically, (S) is the plane y = x + z; that is 
the plane z — y + z = 0. 

Solution to Additional Exercise C23 
(a) We have 


(S) = {a(2,-1):a€R} 
= {(2a,-—a):a€ R}. 


Thus all points of (S) lie on the line y = —$z. All 
points on the line are of this form and so are in (5S). 


Therefore (S) is the line y = —3z. 


y 


Xy 
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(b) We have 
(S) = {a(0,—-1,1) + 6(0,2,—3) : a,b € R} 
= {(0,-a + 26,a — 38):a,8 E R}. 
Thus 
(5) © {(0,9,2) :y,2 E R}, 
so (S) is a subset of the (y, z)-plane. 


To show that every vector (0,y,z), y,z E€ R, 
belongs to (S), we write 


(0, y, z) = (0, ~a + 28, a — 38). 


Equating corresponding coordinates, we obtain the 
system 


—a +26 =y 
a— 3ß =z. 


The solution is 8 = —(y + z) and a = —3y — 2z, so 


(0, Y, z) = (—3y = 2z)(0, =l, 1) = (y aE z)(0, 2, =). 


Hence every point (0, y, z) of the (y, z)-plane 
belongs to (S). Thus (S) is the (y, z)-plane. 


Zh 


(Oe) d 


ey 


Solution to Additional Exercise C24 
(a) We have 
(S) = {a(1+ 2x): a E R} = {a+ 2az:a€ R} 


A vector p(x) lies in the span of {1 + 2x} if and 
only if p(x) = a(1+ 2x). So (S) is the set of all 
vectors of the form a + 2axz, for some a € R. 


(b) We have 
=a (o 5) +8(4 5) aser} 
ake gp) eB eR}. 


This is the set of all diagonal matrices in M29. 


(If the question had asked you to determine the 
span here, you could show that any diagonal 2 x 2 
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matrix A = 6 o) for a,b € R, belongs to the 


span since a solution is œ = a and 6 = žb.) 


Solution to Additional Exercise C25 


Each vector in R? can be written as (x,y). To 
show that (x,y) is in {(—1, 0), (2,1)}, we write 
(x, y) = a(—1, 0) F B(2, 1) 
= (—a, 0) + (28, 8) = (~a + 28, B). 
Equating corresponding coordinates, we obtain the 
system 


=a 20 =2 
B=y, 
whose solution is a = —x+ 2y, b = y. 


So any vector (x,y) in R? can be written in terms 
of (—1,0) and (2,1) as 


(x,y) = (~x + 2y)(-1, 0) + y(2, 1). 
Therefore {(—1,0), (2,1)} spans R?. 


Solution to Additional Exercise C26 


(a) This set is not linearly independent, since it 
contains the zero vector. 


(b) We use Strategy C7. 
We write 

a(1,1,0) + 6(1,0,1) + 7(0,1,1) = (0,0, 0), 
which simplifies to 

(a+ B,a++y7,8+-7) = (0,0,0). 


Equating corresponding coordinates gives the 
system 


a+ =0 
a +7=0 
Bay = 0: 

From the first equation aœ = — 8, and substituting 


this into the second gives —8 + y = 0. Adding this 
to the third equation gives y = 0, and substitution 
into the other two equations gives a = 6 = 0; this 

is the only solution. 


Therefore the set is linearly independent. 
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(c) Again we use Strategy C7. 
We write 

a(1+ 2x) + B(3z) + 7(2 — 4x) = 0 + 02, 
which simplifies to 

(a + 2y) + (2a + 38 — 4y)x = 0 + Ox. 
Equating coefficients, we obtain the system 

a + 27 =0 
2a + 38 — 4y =0. 


Choosing y = 1, for example, gives the solution 
a=-2,8= $ and y = 1, so the set is linearly 
dependent. 


The set {1 + 2z, 3x, 2 — 4z} is not linearly 
independent. 


(There are other solutions here, for example a = 6, 
8 = —8 and y = -3.) 


Solution to Additional Exercise C27 


(Note that this question explicitly asked you to use 
Strategy C8.) 


(a) We check both conditions in Strategy C8. 


Neither vector is a multiple of the other, and so 
these two vectors are linearly independent. 


We use Strategy C6. 


Each matrix in M2, can be written as C) 
x,y E R. To show that S spans M2, we write 


(;)=«(2) +G): 


Equating corresponding entries, we obtain the 
system 
a+ 2= se 
2a+48 =y. 
This system has solution a = (4x — y)/2 and 


B = (y — 2x)/2, so any vector in Mj; can be 
written as 


(3) =") +52 (i): 


Therefore this set spans M21. 
Thus this set is a basis for M21. 
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(b) We check both conditions in Strategy C8. 


Neither vector is a multiple of the other, and so 
these two vectors are linearly independent. 


(If you did not spot this, then you should have 
found that the only solution to 

a(2 +z) + B(3-27) =0 
is a = 0 = 0 and hence that they are linearly 
independent.) 
We use Strategy C6. 


Each polynomial in P3 can be written as 
a+ bx + cx? with a,b,c € R. To show that 
a+ br + cx? is in span S we write 


a+ be + cx? = a(2 + 2) + 6(3— x°). 


Equating coefficients, we obtain the system 


2a+ 36=a 
q =b 
=p =e 


Substituting a = b, 8 = —c into the first equation 
gives a = 2b — 3c. This contradicts the assumption 
that a, b and c can take any real values, so 

{2 + x,3 — x?} is not a spanning set for P3. 
Therefore the set S is not a basis for P3. 

(c) The second vector is a multiple of the first, so 
the set {1 — 27,2 — 4i} is linearly dependent. 


Therefore the set S is not a basis. 


Solution to Additional Exercise C28 


(a) The set contains two vectors. They are 
linearly independent, as neither vector is a multiple 
of the other. So S is a basis for R?, by 

Theorem C25. 


(b) Two vectors cannot span R3, since R3 has 
dimension 3. Hence this is not a basis for R. 
(c) We check both conditions in Strategy C9. 
The set S contains 4 vectors. 
Using Strategy C7, we write 
ay(1,0,0,0) + a2(1,1,0,0) + ag(1,1,1,0) 
+ a4(1,1,1,1) = (0,0,0,0). 
Equating corresponding coordinates, we obtain the 
system 
a, +ag+a3+a4=0 
ag +a3+a4=0 
a3 +aq4=0 
Q4 = 0. 
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Solving this system gives aj = ag = a3 = a4 = 0 
as the only solution. 


Therefore the set is linearly independent. 


We have four linearly independent vectors, so S' is 
a basis for Rt (by Theorem C25). 


Solution to Additional Exercise C29 
(a) For the basis E = {(—3, 1), (1,2)}, we have 
(2, 1)g = 2(—3, 1) + 1(1, 2) 
= (—6,2) + (1,2) 
= (—5,4). 
(b) For the basis 
E = {(1,0,2), (—1, 1,3), (2, —2,0)}, we have 
(1, —2, 3)g = 1(1,0, 2) — 2(—1, 1,3) + 3(2, —2,0) 
= (1, 0, 2) Ea (2, —2, —6) ae (6, —6, 0) 
= (9, —8, —4). 
Solution to Additional Exercise C30 
(a) We write 
(6,5) = a(—3, 1) + B(1, 2). 


Equating corresponding coordinates, we obtain the 
system 


—3a+ B=6 
a+26=5. 


Adding three times the second equation to the first 
gives 73 = 21, so 6 = 3. Substituting this into the 


first equation gives —3a +3 = 6, so a = —1. 
So 
(6,5) = —1(—3, 1) + 3(1, 2) 
= (-1,3)z. 


(b) We write 
(3, 5, —5) = a(1, 2,0) + p(—1, 3, 1) + 7¥(0, 2, —2). 


Equating corresponding coordinates, we obtain the 
system 


a— B =3 
2a + 38+ 2y=5 
b — 2y = —5. 


Adding the second and third equations gives 
2a + 48 = 0, and the first gives a = 3 + 8, so 
together we have 6 + 68 = 0; that is, 8 = —1 and 
hence a = 2. Substituting into the third equation 
gives y = 2. So 
(3,5, —5) = 2(1,2,0) — 1(—1,3, 1) + 2(0, 2, —2) 

= (2, =l; 2)g. 
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Solution to Additional Exercise C31 


Let the vector space be V and the subset be S, 
and suppose that conditions (a), (b) and (c) of 
Theorem C27 hold. 


We first notice that the axioms A2, A5, S2, $3, D1 
and D2 of V hold for all vectors in V. Since S is a 
subset of V, each vector in S' is also in V, and so 
these axioms hold for all vectors in S. 


We consider the other axioms. 
A1 Closure This holds for S, by condition (b). 


A3 Additive identity This holds for S because 
the identity vector 0 of V is in S by condition (a), 
and 

v+0=v=0+v 
for all vectors v in V, and, in particular, for all 
vectors in the subset S. 


A4 Additive inverses If v € S, then —lv = —v 
is also in S, by condition (c). Since S' is a subset 
of V we know that 


v+(-v) =0O=-vé+v, 
therefore each vector in S also has an inverse in S, 
so the axiom holds. 
S1 Closure This holds, by condition (c). 


Since all the axioms hold for S if the conditions of 
Theorem C27 hold, S is a subspace of V. 


Solution to Additional Exercise C32 
(a) If x = y = 0, then (2, y, 2x +y) = (0,0,0), so 
S contains the zero vector. 


Let v = (#1, y1, 221 + y1) and 
w = (£2, Y2, 2%2 + y2) belong to S. Then 


v tw = (21,41, 201 + y1) + (£2, Y2, 242 + yo) 

= (z1 + Zo, y1 + y2, 2(x1 + £2) + (y1 + y2)). 
This vector has the correct form for a vector in S, 
so S is closed under vector addition. 


Let v = (2, y,2x +y) € S and a € R. Then 
av = a(x, y, 2x + y) 
= (ax, ay, 2(ax) + (ay)). 


This vector has the correct form for a vector in S, 
so S is closed under scalar multiplication. 


So 9 is a subspace of R3. (It is the plane through 
the origin with equation 2x + y — z = 0.) 
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(b) There is no value of x for which 
(x, x — 3) = (0,0), so S does not contain the zero 
vector. 


So S is not a subspace of R?. 
(c) If x = y = 0, then 

(x,y,x + 3y, 2x — y) = (0,0,0,0), 
so S contains the zero vector. 


Let v = (21,91, 21 + 3y1, 241 — yr) and 
w = (£2, Y2, £2 + 3Y2, 222 — y2) belong to S. Then 


v +w = (£1, 91,01 + 3y1, 221 — y1) 
+ (£2, Y2, 2 + 3y2, 2x2 — Y2) 
= (x1 + £2, Y1 + Y2, (£1 + x2) + 3(y1 + y2), 
2(£1 + £2) — (yi + y2)). 


This vector has the correct form for a vector in S, 
so S is closed under vector addition. 


Let v = (2, y,2 + 3y, 2x — y) E€ S and a € R. Then 
av = a(x, y, x + 3y, 2x — y) 
= (az, ay, (ax) + 3(ay), 2(ax) — (ay)). 


This vector has the correct form for a vector in S, 
so S is closed under scalar multiplication. 


So S is a subspace of R£. 


(d) If a = 0, then ax? = 0z? = 0, so S contains 
the zero vector. 


Let v = ax? and w = azz? belong to S. Then 

v tw = az? + ar? = (a, + a2)2”. 
This vector has the correct form for a vector in S, 
so S is closed under vector addition. 


Let v = ax? € S and a € R. Then 


av = a(axz”) = (aa)z?. 


This vector has the correct form for a vector in S, 
so S is closed under scalar multiplication. 
So S is a subspace of P3. 


(e) Let v = (1,0) belong to S and take a = —1. 
Then 


av = —(1,0) = (—1,0), 
which is not in S. 


Therefore S is not closed under scalar 
multiplication. 


So S is not a subspace of R?. 


(£) S is a subspace, by Theorem C28. 
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Solution to Additional Exercise C33 


(a) Any vector in S can be written as 
(x,y, 20 + y) = x(1,0,2) + y(0, 1,1). 


So {(1,0,2),(0,1,1)} spans S. Since this set is 
linearly independent (the two vectors are not 
multiples of each other), it is a basis for the 
subspace, which therefore has dimension 2. 


(b) This is not a subspace. 


(c) Any vector in S can be written as 


CA oF 3y, 2x a y) 
= z(1,0,1,2) + y(0, 1,3, —1). 


So {(1,0, 1,2), (0,1,3, —1)} spans S. Since this set 
is linearly independent (the two vectors are not 
multiples of each other), it is a basis for the 
subspace, which therefore has dimension 2. 


(d) Any vector in S is of the form az?, so it is a 


multiple of the vector x?. Therefore {x?} spans S. 
Since this set is linearly independent, it is a basis 
for S, which therefore has dimension 1. 


(e) This is not a subspace. 
(£) We know that 


1 -1 
ol, | 2 
3 0 


spans S, since S is defined as the span of this set of 
vectors. 


Since these matrices are not multiples of each 
other, they are linearly independent. So this set is 
a basis for S, which therefore has dimension 2. 


Solution to Additional Exercise C34 


(a) vı * V2 = (1 x 2) + (5 x 8) + (—3 x 0) 
+ (4 x (=7)) + (=7 x (—2)) 
= 2 + 40 + 0 — 28 + 14 = 28 
(b) vi v1 = 1? + 52 + (—3)? + 42 + (-7)? 
= 1 +25 + 9+ 16 + 49 = 100, 
so the magnitude of vı is v 100 = 10. 
v2 Vo =? +8 +0 + (—7)? + (-2)? 
=4+644+0+449+4+4= 121, 


so the magnitude of vg is 121 = 11. 
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Solution to Additional Exercise C35 


(a) We have 

(5,5,5,5) « (5, —5, —5,5) = 25 — 25 — 25 + 25 = 0, 
(5,5,5,5) - (5,0,0, —5) = 25 +0 +0 — 25 = 0, 
(5,5,5,5) « (0,5, —5,0) = 0 +25 — 25 +0 = 0, 
(5,—5,—5,5) - (5,0,0, —5) = 25 +0 +0- 25 = 0, 
(5,—5,—5,5) - (0,5, -5,0) = 0 — 25 +25 +0 = 0, 
(5,0,0, —5) « (0,5, —5,0) =0 +0 +0 +0 =0. 


Thus the given vectors form an orthogonal set. 
Since there are four of them, they form an 
orthogonal basis for Rt (by Corollary C33). 


(b) Using Strategy C12 (or Theorem C34), 


(5,0,0,0) = 1 (5; 5,5,5) + wË: —5,—5,5) 
+ 2, 0,0, —5) + 35 (0, 5, —5, 0) 
= 7(5,5,5,5) +3 16-888) 
+ 4(5,0,0, —5) + 0(0, 5, —5, 0). 
(c) |(5,5,5,5)| = V5? + 5? + 5? + 5? 
= V100 = 10, 
(5, —5, —5, 5)| = /5? + (—5)? + (—5)? + 5? 
100 = 10, 
(5,0,0, —5)| = v52 + 02 + 02 + (5)? 
= /50 = 5V2, 
(0,5, —5,0)| = /02 + 5? + (—5)? + 02 
50 = 5V2. 


Thus the corresponding orthonormal basis for Rt is 


1 
{3 (1,1,1,1), =(1,—1, 
2 
1 


Ss (ts 0:0.) (0.1, -1,0)} . 


=1,1), 


NI = 
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Solution to Additional Exercise C36 


(a) The plane orthogonal to (1, —2,2) has vector 


equation x - (1, —2, 2) = 0. 


Let wı = (0,1,1) and w2 = (2, 1,0), then 
We (229) = (0.4, 1) 92) 
=0-24+2=0, 
we - (1, —2, 2) = (2,1,0) - (1, —2, 2) 
=2-—-2+4+0=0. 


So wı and we are both in the plane orthogonal to 
(1,—2,2). They are not multiples of one another 
and so are linearly independent. 


(b) We set vı = wi = (0,1,1) and 


| 
z 
X 
l 
A N 
JE 
<|< 
me [A 
ea 


V2 = 
7 (0,1,1) » (2,1,0) 
SUOLI (0,1,1) + (0,1,1) ot) 
= (2,1,0) — $(0,1,1) 
= (2,3,-3) 
= 4(4,1,—1) 


The required orthogonal basis for the plane is 
{(0,1,1), $(4,1,-1)}. 

(c) An orthogonal basis for R? is therefore 
{(1,—-2, 2), (0, 1,1), $(4,1,-1)}. 


(d) We first calculate the magnitude of each basis 
vector: 


\(1,-2,2)| = V+ E+ 
= /9 =3, 
(0,1, 1)| = V+ 12 + 12 
=v2 
and 
1\2 1\2 
(23,-H)= 2+ B+ CB 
_ /9 3 
= y} = ĝv2. 


Dividing each basis vector by its length, we obtain 
the orthonormal basis for R? 
1 
-4)}. 


{30 =2,2), $ 2(0, 1, 1), 1V2 (2, 5; 
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Solution to Additional Exercise C37 


Let w1 = (2,2,1,0), w2 = (1,2,0,2), 
w3 = (0,1,2,2) and wy = (2,0, 2,1); then we use 
the Gram-Schmidt orthogonalisation process. 


Let vı = wi = (2,2,1,0), 


Vi: W2 
V2 = W2 — V1 
Vie Vi 


= (1, 2,0, 2) — (2,2, 1,0) 


„1 , 
-3 (32,2) 
= (-2.-4.2,3) 


= (2,0,2, 1) = 2(2,2,1,0) 
0(=3:375 2) — 3 (57323) 
= (3-90.35). 


Thus an orthogonal basis for R4 is 


{(2,2,1,0), (3,-2.2) (-3-42,8) (8,-3.0, 8)} 


Solutions to additional exercises for Unit C2 
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Additional exercises for Unit C3 


Additional exercises for Unit C3 


Section 1 


Additional Exercise C38 


Determine whether or not each of the following 
functions is a linear transformation. 
2 


(a) ¢:R? — 
(x,y) — (3x + y, 2x — y) 
(b) ¢:R? — R? 
(x,y) — (z + 1,y) 


Additional Exercise C39 


Determine whether or not each of the following 
functions is a linear transformation. 
(a) t:R? — R? 
(x,y) — (2?,y,y) 

t : R? — R2 
(2, yz) = (oye a z) 
(c) t: R? — Rt 

(x,y) +> (2,y,1,2) 


(b) 


Additional Exercise C40 


Determine whether or not each of the following 
functions is a linear transformation. 
(a) t: P — P 
p(x) > p(z) + p(x) 
(b) t: P — P: 
p(x) + p(z) +2 


Additional Exercise C41 


Let V be the vector space 
V = { f(x) : f(x) = ae” cos z + be” sin z, a,b € R}. 
Determine whether or not each of the following 
functions is a linear transformation. 
(a) t: V —V 

f(z) — f'(x) 
(b) t: V — R? 

ae” cos x + be” sin x +> (2a, b + 1) 


Section 2 


Additional Exercise C42 


For each of the following linear transformations, 
find the matrix of t with respect to the standard 
bases for the domain and codomain. 
(a) t:R? — R? 
(x,y) > (3z + y, 2x — y) 

t: R? — R? 
(x,y,z) == (£x +y,z — z) 


(b) 


Additional Exercise C43 


Find the matrix representations of the linear 
transformation 


t: R? — R? 
(x,y) —> (x +y, 2x + 3y) 


with respect to the following bases E for the 
domain and F for the codomain. 


(a) E = {(1,1), (0, 1)} F = {(1,0), (0,1)} 
(b) E = {(1,0), (0, 1)} F = {(2, 1), (1,3)} 
(c) E = {(1,2), (1, 1)} F = {(1,0), (3,1)} 


Additional Exercise C44 


Let 
V = { f(x) : f(x) = ae” cos z + be” sin x, a,b € R}. 
Find the matrix of the linear transformation 

t: V — V 

f(a) = fa) 


with respect to the basis {e” cos z, e” sin x} for 
both the domain and codomain. 
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Additional Exercise C45 


Find the matrix representations of the linear 
transformation 


tt Ps => P> 
p(x) —> p(x) + p'(2) 


with respect to the following bases F for the 
domain and F for the codomain. 


(a) E= F = {1,x,x°} 
(b) BH={1+2,22,27-a2} F={l,2,27} 
(c) E={l,a2,27} F={1+2,22,27 — r} 


Additional Exercise C46 Challenging 


Let A = (aij) be an m x n matrix, B = (bij) be an 
n x p matrix and a a scalar. Prove that 
(aA)B = A (aB). 


Hint: Recall that IA = A = AI,, where Im 
and I, are identity matrices. 


Section 3 


Additional Exercise C47 


Let t and s be the linear transformations 
s : R? — R? t: R? — R? 
(x,y) —> (3a, 2y) 
Determine the following linear transformations. 
(a) sot (b) tos (c) tot 


Additional Exercise C48 
Let s and t be the linear transformations 
s : R? — R? 
(x,y) —> (3x + y, 2a — y) 


and 
t: R? — R? 
(x,y, 2) => (x +y,z — z). 
Use the Composition Rule (Theorem C43) and the 
solution to Additional Exercise C42 to find the 
matrix representation of the linear transformation 


sot with respect to the standard bases for the 
domain and codomain. 


(x,y) —> (x +y, 2y). 


Additional exercises for Unit C3 


Additional Exercise C49 


Let 
V = { f(x) : f(x) = ae” cos x + be” sinz, a,b € R} 
and let t be the linear transformation 
t: V — V 
Fej f2): 
Use the Composition Rule (Theorem C43) to find 


the matrix representation of the linear 
transformation 


tot: V >V 
f(z) — f"(z) 


with respect to the basis E = {e” cos x, e” sin x} for 
the domain and codomain. 


Hence find the image of a function 
f(x) = ae” cos x + be” sin x 
under tot. 


You found in Additional Exercise C44 that the 
matrix of t with respect to these bases is 


1 1 
a-(23) 
Additional Exercise C50 
Determine whether or not each of the following 


linear transformations is invertible. Find the 
inverse of each invertible linear transformation. 


(a) t:R? — R? 

(x,y) > (3z +y, y) 
(b) t: R? — R? 

(x,y) > (2x + Gy, x + 3y) 
(c) ¢t:R? — Rt 

(x,y) > (z, y, £, y) 


: R? — R3 
(z,y, z) —> (£ + z,2x + y + 3z, 2y + z) 
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Additional Exercise C51 Additional Exercise C55 
Determine whether or not the following linear Let t be the linear transformation 
transformation is invertible. t: RÈ —> R3 
t: Pp — Ps (x,y,z) — (w+ 2y + 3z,y4+ 2,24 2). 
p(z) —> p(z) + p'(2) ane 
(You found in Additional Exercise C45(a) that (b) Find Kert. 
a 1 1 0\ fa a+b (c) Use your answers to parts (a) and (b) to 
b r>{0 1 2 b = |b+2c determine the number of solutions to the 
c) p 001 c) = c F following system of linear equations. 
is the matrix representation of t with respect to zr +2y+3z=4 
the standard basis {1, x, x7} for both the domain y+ z=1 
and codomain.) ay + z=2 
Additional Exercise C52 Additional Exercise C56 
Let Let 


V = {f (x) : f(x) = ae” cosx + be* sing, a,b E R}. V = {f(x) : f(x) = ae? cosx + be” sinz, a,b € R}, 
Write down an isomorphism: 
(a) from V to R? (b) from V to P». 


and let t be the linear transformation 


t: V —V 
f(z) f'(x). 
Additional Exercise C53 Challenging (a) Find a basis for Imt, and state the dimension 
of Imt. 
Prove that the set of invertible linear (b) Hence find Kert. 


transformations from R” to itself forms a group ( 


a c) Ist one-to-one and/or onto? 
under composition. 


Section 4 


Additional Exercise C54 


Let t be the linear transformation 
t: R? — R? 
(£,y, z) => (£ +y, x ~~ z). 


(a) What can you deduce from the Dimension 
Theorem (Theorem C53) about whether t is 
one-to-one and/or onto? 


(b) Find the kernel of t and the dimension of the 
kernel. 


(c) Hence find Imt. 


(d) Is t one-to-one and/or onto? 
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Solutions to additional exercises for Unit C3 


Solution to Additional Exercise C38 In R?, let vı = (x1, y1) and v2 = (x9, yo). Then 


We use Strategy C14. t(vı + v2) (£1 + 2, Y1 + y2) 


ay 
= ((£1 + #2)", y1 + Y2, Y1 + Y2) 


(a) First ¢(0) = 0, so t may be a linear 
transformation. 


and 
Next we check whether t satisfies LT1: t(v1) + t(v2) = (x2, y1, y1) + (x2, yo, y2) 
t(vi + v2) = t(v1) + t(v2), for all V1, V2 € RŽ = (x? + r2, y1 + y2, Y1 + y2). 
In Rĉ, let vı = (z1,y1) and v2 = (x2, yo). Then These expressions are not equal in general, so LT1 


E is not satisfied. 


= t(x1 + £2, Y1 + Y2) 


= (3(£1 + £2) + y1 + y2, 2(x1 + £2) — (yı + y2)) (Þ) First t(0) = 0, so t may be a linear 
transformation. 


Next we check whether t satisfies LT1: 


Thus ¢ is not a linear transformation. 


and 
t(v1) + t(v2) T 
= (321 + y1, 2x1 — yı) + (329 + yo, 2x2 — y2) t(vi + v2) = t(v1) + t(v2), for all v1, v2 € R°. 
= (3(£1 + z2) + y1 + y2, 2(x£1 + x2) — (y1 + y2)). In R3, let vı = (£1, y1, 21) and v2 = (£2, Y2, 22). 


These expressions are equal, so LT1 is satisfied. Then 


Finally, we check whether t satisfies LT2: t(vi + va) 
= t(x1 + £2, Y1 + Y2, 21 + 22) 


= for all v € R? R. 
t(av) =at(v), forall ve Rf, a€ Setast Patty aana 


Let v = (x,y) be a vector in R?, and let a € R. 
Then 


t(av) = t(az, ay) 


and 
t(v1) + t(v2) 
= (z1 + y1,%1 — 21) + (£2 + Y2, T2 — 22) 
= (£1 + T2 + Y1 + Y2, T1 + T2 — 21 — 22). 


= (3ax + ay, 2ax — ay) 


and 
These expressions are equal, so LT1 is satisfied. 


at(v) =a(3z + y, 2x — 
v) ( 4 v) Finally, we check whether t satisfies LT2: 


= (8ax + ay, 2ax — ay). 


_ 3 
These expressions are equal, so LT2 is satisfied. iow) only), forall Re oe R, 


Since LT1 and LT2 are satisfied, t is a linear Let v = (x,y,z) be a vector in R°, and let a € R. 
transformation. Then 
(b) Since (0) = t(0,0) = (1,0) Æ 0, it follows that t(av) = tlaa, ay, az) 
t is not a linear transformation. = (ax + ay, ar — az) 
and 


Solution to Additional Exercise C39 
We use Strategy C14. 


at(v) =a(a+y,x2—-2z) 


= (ax + ay, ax — az). 
(a) First ¢(0) = 0, so t may be a linear 
transformation. 


Next we check whether t satisfies LT1: 


These expressions are equal, so LT2 is satisfied. 


Since LT1 and LT2 are satisfied, t is a linear 
transformation. 


2 
t(vi + v2) =t(vi) +t(v2), forall v1, v2 ER^ (c) Since t(0) = t(0,0) = (0,0, 1,0) £ 0, it follows 
that t is not a linear transformation. 
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Solution to Additional Exercise C40 
We use Strategy C14. 


(a) First ¢(0) = 0, so t may be a linear 
transformation. 


Next we check whether t satisfies LT1: 


t(p(2) + q(x)) = t(p(@)) + t(a(a)), 
for all p(x), q(x) € Ps. 


Let p(x), q(x) € P3. Then 
t(p(x) + 4(x)) = p(x) + g(x) + p'(z) + q(x) 
and 
t(p(x)) + t(q(x)) = p(x) + p'(x) + a(x) + (2) 
= p(x) + q(x) + p(x) + q'(x). 
These expressions are equal, so LT 1 is satisfied. 


Finally, we check whether t satisfies LT2: 


t(ap(x)) =at(p(x)), for all p(x) € Ps, a €R. 
Let p(x) € Pz anda € R. Then 
t(ap(x)) = ap(x) + ap'(z) 
and 
at(p(x)) = a(p(x) + p'(2)) 
= ap(x) + ap' (x). 
These expressions are equal, so LT2 is satisfied. 


Since both LT1 and LT2 are satisfied, t is a linear 
transformation. 


(b) The zero element of P3 is p(x) = 0 which maps 
to the polynomial q(x) = 2. Thus ¢(0) 4 0, so it 
follows that t is not a linear transformation. 


Solution to Additional Exercise C41 


We use Strategy C14. 


(a) First ¢(0) = 0, so t may be a linear 
transformation. 


Next we check whether t satisfies LT1: 


t(f(x) + g(@)) = t(f(a)) + tg), 
for all f(x), g(a) € V. 


Let f(x), g(x) € V. Then 

t(f(z) + 9()) = f'(x) + g'(x) 
and 

t(f(z)) + t(g(x)) = f'(x) + g'(z). 


These expressions are equal, so LT 1 is satisfied. 
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Finally, we check whether t satisfies LT2: 
t(af(x)) =at(f(x)), for all f(z) EV, aER. 
Let f(z) € V and a € R. Then 
t(af(x)) = a f'(x) 
and 
at(f(x)) =af'(2). 
These expressions are equal, so LT2 is satisfied. 


Since both LT1 and LT2 are satisfied, t is a linear 
transformation. 


(b) Since 
t(0) = t(0e” cos x + 0e” sin z) = (0,1) Æ 0, 


it follows that t is not a linear transformation. 


Solution to Additional Exercise C42 
We follow Strategy C15. 


(a) We find the images of the vectors in the 
domain basis E = {(1,0), (0, 1)}: 


t(1,0) = (3,2), t(0,1) = (1,—1). 
We find the F-coordinates of each of these image 
vectors, where F = {(1,0), (0, 1)}: 

t(1,0) = (3, 2)r, t(0, 1) = (1,—1)r. 


Hence the matrix of t with respect to the standard 
bases for the domain and codomain is 


3 1 
we € 4) | 
(b) We find the images of the vectors in the 
domain basis Æ = {(1,0,0), (0,1, 0), (0,0, 1)}: 
t(1,0,0) = (1,1), #(0, 1,0) = (1,0), 
t(0,0,1) = (0, —1). 
We find the F-coordinates of each of these image 
vectors, where F = {(1,0), (0, 1)}: 
t(1,0,0) =(1L 1a, t(0,1,0) = (1,0) p, 
t(0,0,1) = (0,—1)F. 


Hence the matrix of t with respect to the standard 
bases for the domain and codomain is 


11 0 
a=(j 0 i) 
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Solution to Additional Exercise C43 
We follow Strategy C15. 


(a) We find the images of the vectors in the 
domain basis E = {(1, 1), (0,1)}: 


t(1,1) = (2,5), t(0,1) = (1,3). 


We find the F-coordinates of each of these image 
vectors, where F = {(1,0), (0,1)}: 


t(1,1) = (2,5), t(0,1) = (1,3)F. 


Hence the matrix of t with respect to the bases Æ 
and F is 


a 


Thus the matrix representation of t with respect to 
the non-standard domain basis & and the standard 
codomain basis F is 


Or), 4 2 1\ fur\ _ [wito 
V2) 5 5.3 vjg 5v1 + 3v2) p 
(b) We find the images of the vectors in the 
domain basis E = { (1,0), (0,1)}: 
t(1,0) = (1,2), t(0,1) = (1,3). 


We find the F-coordinates of each of these image 
vectors, where F = {(2, 1), (1,3)}. 


For the first image vector we need a,b € R such 
that 


(1,2) = (a,b)F. 
Since 

(a,b) rp = a(2,1) + b(1,3) = (2a + b,a + 3b), 
by equating coordinates we obtain the system 


2a+ b=1 
a+ 3b=2. 


Solving, we have a = + and b= 3, so 
(1,2) = (4, 3) p Therefore 


(1,0) = (3,5) F: 
For the second image vector we have 
¢(0, 1) = (1,3) = (0,1)r. 


Hence the matrix of t with respect to the bases FE 
and F is 
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Thus the matrix representation of t with respect to 
the standard domain basis Æ and the non-standard 
codomain basis F is 


aE DG Gets) 
YJE 5 1/ Wg 57 +Y/p 
(c) We find the images of the vectors in the 
domain basis E = {(1, 2), (1,1)}: 

G12) (se); t(1,1) = (2,5): 


We find the F-coordinates of each of these image 
vectors, where F = {(1,0), (3,1)}. 


For the first image vector we need a,b € R such 
that 


(3,8) = (a,b) F. 
Since 
(a,b)r = a(1,0) +b(3,1) = (a + 3b,b), 


by equating coordinates we obtain the system 


a+3b=3 
b=8. 
Solving, we have a = —21 and b = 8, so 


(3,8) = (—21,8)r. Therefore 
t(1,2) = (—21,8) p. 


For the second image vector we need c,d € R such 
that 


(2,5) = (c, d)F. 
Since 
(c,d)r = c(1,0) + d(3,1) = (c + 3d, d), 


by equating coordinates we obtain the system 


c+ 3d=2 
d= 5. 
Solving, we have c = —13 and d = 5, so 


(2,5) = (—13,5)r. Therefore 
#1, 1) = C18, 5p. 


Hence the matrix of t with respect to the bases Æ 
and F is 


—21 —-13 
in 


Hence the matrix representation of t with respect 
to the non-standard bases E and F is 


V1 3 —21 -13 vi) _ (—21v, — 13v2 
U2 E 8 5 U2 oa 8v1 + 5v2 r 
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Solution to Additional Exercise C44 
We follow Strategy C15. 
We find the images of the vectors in the domain 
basis E = {e” cos x, e” sin x}: 

t(e” cos x) = e” cos x — e” sing, 

t(e* singz) = e” sin x + e” cos z. 
We find the F-coordinates of each of these image 
vectors, where F = {e” cos g, e” sin z}: 

t(e” cosx) = (1,—1)p, t(e”sinz) = (1,1)F. 


Hence the matrix of t with respect to the bases Æ 
and F is 


1 1 
aS E i) 
Solution to Additional Exercise C45 


We follow Strategy C15. 
(a) We find the images of the vectors in the 
domain basis E = {1, x, x}: 
(1) =14+0=1, 
t(x?) = £? + 2x. 


t(#) =a2+1, 


We find the F’-coordinates of each of these image 
vectors, where F = {1, x, x7}: 

t(1)=(1,0,0)r, t(z) =(1,1,0)r, 

t(x”) = (0,2, 1)p. 
So the matrix of t with respect to the standard 
bases for the domain and codomain is 


1 1 0 
A=[{0 1 2 
0 0 1 


Hence the matrix representation of t with respect 
to the standard bases for the domain and 
codomain is 


a 1 1 0 a a+b 
b| — {10 1 2 b) = 1 b64+2c 
C 0 0 1 C c 


(b) We find the images of the vectors in the 
domain basis E = {1 + x, 2x, z? — x}: 


t(1+2)=1+24+1=2742, 
t(2x) = 2x + 2, 
t(a? — 2) =a? —294+22-1=4974e-1. 
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We find the F-coordinates of each of these image 
vectors, where F = {1, 2,27}: 

2+ = (2,1,0)r, 

2+ 2x = (2,2,0)r, 

—14+2427 = (-1,1,1)p. 
Hence the matrix of t with respect to the 
non-standard basis Æ and standard basis F is 


2 2 -1 
A= 2 1 
0 0 1 


Hence the matrix representation of t with respect 
to the bases E and F is 


a 2 2 -1 a 2a+2b—c 
b| — |1 2 1 b| =| a+2b+c 
c) p 00 1 c) p C # 


(c) We find the images of the vectors in the 
domain basis E = {1, x, x7}: 
(1) =14+0=1, 
t(x?) = a? + 2x. 


t(z)=a2+1, 


We find the F-coordinates of each of these image 
vectors, where F = {1+ 2, 2x, 2? — z}. 


For the first image vector we need a,b,c € R such 
that 


1 = (a,b, c)F. 
Since 
(a,b,c)p = a(1 +2) +b(2x) + e(z? — x) 
=a+(a+2b—c)x+ cr’, 


equating coefficients we obtain the system 


a =1 
a+2b—c=0 
c=0. 
Solving, we have a = 1, b= -4 and c = 0, so 
1 = (1,-§,0) p- Therefore 
t(1) = (1,—4,0) p- 
Similarly, 


t(x) = (1,0,0)F, t(z°) = (0,3,1) p. 


Hence the matrix of t with respect to the bases Æ 
and F is 


A=]ļ|- 


oor 
=. nw © 
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Hence the matrix representation of t with respect 
to the standard basis F and the non-standard basis 
F is 


a 1 1 0 a a+b 
1 3 1 3 
c) p 0 0 1 c) p C F 


Solution to Additional Exercise C46 


Using the identity matrix Im, we have 


a 0 se O0 ai @12 ain 

0a.. 0 a21 a22 An 
(alm) A = |. . . 

00 >.> a Am1 Am2 Amn 

&A11 QA12 aAaAin 

aaz, aa aadan 

AAam1 AAm?2 Aamn 

=aA. 

Using the identity matrix Iņ, 

a11 a12 Ain a 0 -> 0 

a21 Q22 An 0a. 0 
A(aI,)=]| . ; 

Am1 Am2 Amn 0 0 Q 

&A11 QA12 AaAin 

Q&A21 aa22 AA 

AAdm1 AAm2 Aamn 


Therefore (aI,,)A = A(al,,), and hence 


(a A)B = (al ,,) AB 
= A(al,,)B 
= A(aB), 


as required. 


Solution to Additional Exercise C47 
(a) We have 
s(t(x, y)) = s(x TY; 2y) 


= (3(x + y), 2(2y)) 
= (3x + 3y, 4y). 


Thus 
sot: R? — R? 
(x,y) ++ (3x + 3y, 4y). 
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(b) We have 
t(s(x,y)) = t(3a, 2y) 
= (3x + 2y, 2(2y)) 
= (3x + 2y, 4y). 
Thus 
to s : R? — R? 
(x,y) — (3x + 2y, 4y). 
(c) We have 


t(t(x,y)) = t(x + y, 2y) 
= ((x + y) + 2y, 2(2y)) 
= (x + 3y, 4y). 
Thus 
tot: R? — R? 
(x,y) — (£ + 3y, 4y). 


Solution to Additional Exercise C48 


It follows from the Composition Rule 

(Theorem C43) that the matrix of s o t with 
respect to the standard bases for the domain and 
codomain is 


G a)G o a) 2i) 


Thus the matrix representation of sot with respect 
to the standard bases for the domain and 
codomain is 


sot: R? — R? 


aan "\ (40 + 3y - 2 
: 12 UO) yetur 


Solution to Additional Exercise C49 


It follows from the Composition Rule 

(Theorem C43) that the matrix of tot with 
respect to the basis E = {e* cos x, e” sin x} for both 
the domain and codomain is 


(1 i) a= 9) 


Thus the matrix representation of tot with respect 
to the basis E = {e” cos x, e” sin x} for both the 
domain and codomain is 


tot:V—4V 


(1), (2 0) G), = Ca), 


31 


So the function f(x) = ae” cos x + be” sin x in V 
maps to the function g(x) = 2be” cos x — 2ae” sin x 
in V under the linear transformation to t. 


(We could find this directly by differentiating 
ae” cos x + be” sin x twice. The matrix 
multiplication is, however, very simple and is 
possibly easier than differentiating. To obtain 
higher derivatives, we could repeatedly apply the 
Composition Rule.) 


Solution to Additional Exercise C50 


(a) Since ¢ is a linear transformation between two 
vector spaces of the same dimension, we use 
Strategy C16. 


First we find a matrix representation of t. We have 
t(1,0) = (3,0), 200.) = (1,1). 


Hence the matrix representation of t with respect 
to the standard bases for the domain and 


codomain is 
£ 3 1y (2 3r +y 
— = ; 
(5) (i È (5) ( y ) 


Next we evaluate the determinant of the matrix 
3 1 
= 
We have 


3 1 
0 1 


Since det A Æ 0, t is invertible. 


detA =| |=3-0=3. 


We now find the inverse function of t, 

tt : R? —> R?. According to Strategy C16, t7! 
has the matrix representation v > A`tv, with 
respect to the standard bases for the domain and 
codomain. Since 


1 -1 L l 
lr hl — (3 3 


it follows that t~! has the matrix representation 


=E DO- 


So t7! is the linear transformation 

tl : R? — R? 
(b) Since t is a linear transformation between two 
vector spaces of the same dimension, we use 
Strategy C16. 
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First we find a matrix representation of t. We have 
t(1,0) = (2,1), t(0,1) = (6,3). 


Hence the matrix representation of t with respect 
to the standard bases for the domain and 
codomain is 


z, 2 6\ (x\ _ (2x+ by 
y 1 3/ \y/ \awt+3y)° 
Next we evaluate the determinant of the matrix 
2 6 
A= 6 ) l 
We have 


2 6 
1 3 


Since det A = 0, t is not invertible. 


dera =| |=6-6=0. 


(c) Since ¢ is a linear transformation between two 
vector spaces of different dimensions, it follows 
from Corollary C46 that t is not invertible. 


(d) Since t is a linear transformation between two 
vector spaces of the same dimension, we use 
Strategy C16. 


First we find a matrix representation of t. We have 
t(1,0,0) = (1,2,0), (0,1,0) = (0,1,2), 
t(0,0,1) = (1,3,1). 

Hence the matrix representation of t with respect 


to the standard bases for the domain and 
codomain is 


x 1 0 1 x r+Zz 
y| — |2 1 3 y | = | 2r +y+ 3z 
z 0 2 1 Z 2y +z 
Next we evaluate the determinant of the matrix 
1 0 1 
A=|2 1.3 
0 2 1 
We have 
1 0 1 
detA =|2 1 3 =al i| 0+1 3 
0 2 1 
= 1(1-—6)+1(4-0) 
=-5§+4=-1. 


Since det A Æ 0, t is invertible. 
We now find the inverse function of t. 


According to Strategy C16, t~! has the matrix 
representation v > A7‘v, with respect to the 
standard bases for the domain and codomain. 


32 


Using row-reduction, we find that 


5 —2 1 
At=| 2 -1 i}, 
-4 2 -1 


so t~! has the matrix representation 


T 5 =2 1 x 
y | — 2 —1 1 y 
z —4 2 -1 z 
du — 2y+ 2 
= 2e—-ytez 
—44¢ + 2y — z 


So t~! is the linear transformation 
t! : R? — R? 
(x,y, 2) — (5x — 2y + z, 2x 
—4zx + 2y — 2). 


Y +z, 


Solution to Additional Exercise C51 


Since t is a linear transformation between two 
vector spaces of the same dimension, we use 
Strategy C16. 


We evaluate the determinant of the matrix of t: 


1 1 0 

A=1/0 1 2 

0 0 1 

We have 
1 1 0 
dtA= t0 i =al il-1 ‘| +0 

0 0 1 
) 


Since det A Æ 0, t is invertible. 


Solution to Additional Exercise C52 
(a) An isomorphism is 


t: V — R? 


ae” cos x + be” sin x ++ (a,b). 


(The matrix of t with respect to the basis 

E = {e” cos x, e” sin x} for V and the standard 
basis for IR? is I>. Since t has a matrix 
representation, it is a linear transformation, by 
Theorem C41. Since I is invertible, it follows from 
the Inverse Rule that t is an invertible linear 
transformation; that is, t is an isomorphism.) 
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(b) An isomorphism is 


t: V —> P 


ae” cos x + be” sin x +> a + bz. 


(The matrix of t with respect to the basis 
E = {e* cos z,e” sin x} for V and the standard 
basis for P is Ty.) 


Solution to Additional Exercise C53 


We show that, under the operation of composition, 
the set G of invertible linear transformations from 
R” to itself satisfies the four group axioms. 


G1 Closure Let s: R” —> R” and t : R” — R” 
be two invertible linear transformations in G. 

Let A be the matrix of t and let B be the matrix 
of s, with respect to the standard bases for the 
domain and codomain. Then it follows from the 
Composition Rule that BA is the matrix of the 
linear transformation sot: R” — R”, with 
respect to the standard bases for the domain and 
codomain. 


Since t and s are invertible, it follows from the 
Inverse Rule that A and B are invertible. 

Thus BA is invertible, since (BA)~! = A~'B"!. 
It follows from the Inverse Rule that s o t is 
invertible. Thus s o t belongs to G; that is, G is 
closed under composition. 


G2 Associativity We know that composition of 
functions is associative. 


G3 Identity We claim that the identity 
transformation 

i: R” — R” 

v—> vV 

is the identity element of G. The matrix of i is In, 
with respect to the standard bases for the domain 
and codomain. 
Since I, is invertible, it follows from the Inverse 
Rule that i is invertible; that is, 7 belongs to G. 
Suppose that t : R” —> R” belongs to G and A is 
the matrix of t with respect to the standard bases 
for the domain and codomain. Since 
AI, = A = lA, it follows from the Composition 
Rule that toi =t=i0t. 
So the identity transformation is the identity 
element of G. 
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G4 Inverses Suppose that t : R” —> R” belongs 
to G. It follows from the Inverse Rule that the 
inverse function of t, t~! : R” — R”, is also a 
linear transformation. It is invertible, since the 
inverse function of t~! is just t. So the inverse of t 
belongs to G. 


We have shown that, under the operation of 
composition, G satisfies the four group axioms and 
is therefore a group. 


Solution to Additional Exercise C54 


(a) Since the dimension of the codomain is less 
than the dimension of the domain, the Dimension 
Theorem tells us that dim(Kert) > 1; that is, 

Kert 4 {0}. Therefore, t is not one-to-one by 
Proposition C52. (The Dimension Theorem tells us 
nothing about whether t is onto or not.) 


(b) The kernel of t is the set of vectors (x,y,z) 
in R that satisfy 


t(x, y,z) = 0, 
that is, 
(x +y,x-— z) = (0,0). 
Equating coordinates, we obtain the system 


u+y =0 
x —z=0. 


Assigning the parameter k to the unknown z, we 
obtain 


t=k, y=-k, z=k. 
So the kernel of t is 
Kert = {(k, —k,k) : k € R}, 


that is, Kert is the line through (0,0,0) and 
(1,—1,1). Thus 


dim(Kert) = 1. 


(c) Since the dimension of the domain of t is 3, it 
follows from the Dimension Theorem that 


dim(Im t) + dim (Ker t) = 3. 
Since dim(Ker t) = 1, it follows that 
dim(Imt) = 2. 


Thus Imt is a two-dimensional subspace of the 
codomain R? and is hence equal to R?. 
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(d) We saw in part (a) that t is not one-to-one; 
this was confirmed in part (b). 


We saw in part (c) that Imt is the whole of the 
codomain R?; that is, t is onto. 


Solution to Additional Exercise C55 


(a) We follow Strategy C17. 

We take the standard basis 

{(1,0,0), (0,1, 0), (0,0,1)} for the domain R°. 

We determine the images of these basis vectors: 
¢(1,0,0) = (1,0,1), (0,1,0) = (2,1,0), 
t(0,0,1) = (3,1,1). 

The set {(1,0, 1), (2,1,0), (3,1,1)} is not linearly 

independent. In fact, 
(3,1,1) = (1,0,1) + (2, 1,0), 

so we discard (3,1,1) to give the set 

{(1,0, 1), (2,1,0)}. 

The vectors (1,0,1) and (2,1,0) are linearly 

independent, so {(1,0, 1), (2,1,0)} is a basis 

for Imt. 

Thus Imt is a two-dimensional subspace of the 


codomain R3; that is, Imt is a plane through the 
origin with equation 


ax + by + cz = 0, 


for some a,b,c € R. Since the basis vectors (1,0, 1) 
and (2,1,0) belong to Imt, the values a, b and c 
satisfy the system 


a +c=0 
2a+b = 0. 
Solving, we have c = —a and b = —2a. So Imt is 


the plane with equation 
ax — 2ay — az = 0 

or, equivalently, 
x—Qy-—z=0. 


(b) The kernel of t is the set of vectors (x,y,z) 
in R? that satisfy 


t(x, Y, z) = 0, 
that is, 
(x + 2y +3z,y +z,x +z) = (0,0,0). 


Equating coordinates we obtain 


x+2y+3z=0 
y+ z=0 
x + z=0. 
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The last two equations give x = —z and y = —z. 
The first equation is also satisfied for these values 
of x, y and z. 


Assigning the parameter k to the unknown z, we 
obtain 


zt=-k, y=-k, z=k. 
So the kernel of t is 

Kert = {(—k,—k, k) : k € R}, 
that is, Kert is the line through (0,0,0) and 
(—1,—1,1). 


(c) We see that x, y and z satisfy this system of 
linear equations precisely when 


t(x, y, z) = (4,1,2). 
Since 
4—2(1)-2=0, 


it follows from part (a) that (4,1,2) belongs to 
Imt. So the system of linear equations has at least 
one solution. 


We know from part (b) that Kert 4 {0}; thus the 
system of linear equations has infinitely many 
solutions. 


Solution to Additional Exercise C56 
(a) We follow Strategy C17. 


We take the basis EF = {e” cos x, e” sin x} for the 
domain V. 


We determine the images of these basis vectors: 
t(e” cos x) = e” cos x — e” sing, 
t(e” sin x) = e” sin x + e” cos z. 
The set {e” cos x — e” sin x, e” sin z + e” cos x} is 
linearly independent, so it is a basis for Imt. 
The basis has two elements, so dim(Im t) = 2. 


Thus Imt is a two-dimensional subspace of the 
codomain V. 


(b) Since the dimension of the domain V is 2, it 
follows from the Dimension Theorem that 


dim(Im t) + dim(Ker t) = 2. 


We know from part (a) that dim(Imt) = 2. It 
follows that dim(Ker t) = 0, that is, 


Kert = {0}. 
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(c) Since Kert = {0}, it follows that t is 
one-to-one (from Proposition C52). 


Since V is two-dimensional, it follows that Imt is 
the whole of V and t is onto (from 
Proposition C49). 
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Additional exercises for Unit C4 


Section 1 


Additional Exercise C57 


Let v be an eigenvector of a linear transformation t 
with corresponding eigenvalue A. Prove that if 

k £0, then kv is also an eigenvector of t with 
corresponding eigenvalue A. 


Additional Exercise C58 
Let t : R? — R? be the linear transformation 
given by 


Find the eigenvalues and eigenvectors of t. 


Additional Exercise C59 


Let t : R? — R? be the linear transformation 
given by 


t(x, y, z) = (84+ 2y4 22, —2z — 2y — 2z, x + 2y +22). 


Find the eigenvalues and eigenvectors of t. 


Additional Exercise C60 


Prove that the sum of the eigenvalues of a 2 x 2 
square matrix is equal to the sum of the diagonal 
entries (that is, Proposition C56 for 2 x 2 matrices) 
as follows. 


a b 
Let A = t n 
Find the characteristic equation of A. 


Show that the sum of the eigenvalues is equal to 
a+ d; that is, the sum of the diagonal entries of A. 


Additional Exercise C61 


Let t : R3 — R? be the linear transformation 
given by 
t(x,y,Z) = (—2z,% + 2y + z, £ + 32). 


Find all the eigenspaces of t. For each one, specify 
a basis and state the dimension of the eigenspace. 


Section 2 


Additional Exercise C62 


Let t : R? — R? be the linear transformation 
given by 


t(z,y) = (zr +y,z +y). 


(a) Write down the matrix A of t with respect to 
the standard basis for R?. 

(b) Find an eigenvector basis F of t. 

(c) Find the matrix D of t with respect to the 
basis E. 

(d) Find a matrix P such that PIAP = D. 


Additional Exercise C63 


Use the solution to Additional Exercise C58 to 
diagonalise the matrix 


(i) 


Additional Exercise C64 


Use the solution to Additional Exercise C59 to 
diagonalise the matrix 


3 2 2 
A=ļ|—2 —2 -2 
1 2 2 


Additional Exercise C65 


Use the solution to Additional Exercise C61 to 
diagonalise the matrix 


0 0 -2 
A=j]1 2 1 
1 0 3 
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Section 3 


Additional Exercise C66 


Orthogonally diagonalise the matrix 
5 —1 
T € J! 
Additional Exercise C67 


Orthogonally diagonalise the matrix 


Additional Exercise C68 


Orthogonally diagonalise the matrix 


1 -4 2 
A=|-4 1 —2 
2 —2 -2 


Additional Exercise C69 Challenging 


Prove that if a matrix A is orthogonally 
diagonalisable, then A is symmetric. 


Additional Exercise C70 


Consider the matrix 


(a) Show that A is orthogonal. 
(b) Write down A™H. 
(c) Show that A represents a rotation of R. 


Additional exercises for Unit C4 
Section 4 


Additional Exercise C71 


Write the non-degenerate conic with equation 


r? — 24? — 4x — 12y — 18 = 0 


in standard form. Is this conic an ellipse, a 
parabola or a hyperbola? 


Additional Exercise C72 


Write the non-degenerate conic with equation 
5g? — 2zy + 5y? —1=0 


in standard form. Is this conic an ellipse, a 
parabola or a hyperbola? 


(You orthogonally diagonalised the matrix A of 
this conic in Additional Exercise C66.) 


Additional Exercise C73 


Write the quadric with equation 
2xy — 6z + 10y +2- 30 = 0 


in standard form. Which of the six types of 
quadric does this represent? 


(You orthogonally diagonalised the matrix A of 
this quadric in Additional Exercise C67.) 


Additional Exercise C74 


Write the quadric with equation 
r? + y? +r-z=0 


in standard form. Which of the six types of 
quadric does this represent? 


Additional Exercise C75 


Write the quadric with equation 
2ry+z=0 


in standard form. Which of the six types of 
quadric does this represent? 


(Use your answer from Additional Exercise C73.) 
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Solutions to additional exercises for Unit C4 


Solution to Additional Exercise C57 


Since v is an eigenvector of the linear 
transformation t with corresponding eigenvalue A, 
we have 


t(v) = Av. 
Let k be any non-zero number. Then 
t(kv) =kt(v) = k(Av) = A(kv), 


so kv is also an eigenvector of the linear 
transformation t with corresponding eigenvalue A. 


Solution to Additional Exercise C58 


The matrix of t with respect to the standard basis 
for R? is 


Ge 


We use Strategy C18 to find the eigenvalues and 


eigenvectors of A, which are the same as those of t. 


First we find the eigenvalues of A. 
The characteristic equation of A is 


-2-r 7 
| D 224-0 


We expand this determinant and obtain 


(-2= A)(4- à)-7=0, 


which simplifies to 
à? — 2A — 15 = (A +3)(A — 5) = 0. 
The eigenvalues of A are therefore \ = —3 and 
A=5. 
Next we find the eigenvectors of A. 
The eigenvector equations are 


(-—2—A)a + Ty =0 
x+(4—A)y=0. 


A= —3| Both eigenvector equations become 
x+ Ty =0. 
Thus the eigenvectors corresponding to 
A = —3 are the non-zero vectors for which 
x = —Ty; that is, the vectors of the form 
(—7k,k), where k 40. 


The eigenvector equations become 
—Tx + Ty =0 
z— y=0. 

These equations are equivalent to the single 
equation x — y = 0. Thus the eigenvectors 
corresponding to A = 5 are the non-zero 
vectors for which x = y; that is, the vectors 
of the form 


(k,k), where k £0. 


Thus the eigenvectors of the linear transformation t 
are the non-zero vectors of the following forms: 


(—7k,k), corresponding to ÀA = —3, 
(k,k), corresponding to A = 5. 


Solution to Additional Exercise C59 


The matrix of t with respect to the standard basis 
for R? is 


3 2 2 
A=ļ|—2 —2 -2 
1 2 2 


We use Strategy C18 to find the eigenvalues and 
eigenvectors of A, which are the same as those of t. 


First we find the eigenvalues of A. 
The characteristic equation of A is 


3— À 2 2 


=0. 
2— À 


We expand this determinant and obtain 


—2-r -2 -2 -2 
6- 2 > -2| 1 a 
-2 —2-— À 
+i |= 


Simplifying this expression, we obtain 
(3 — A)? — 44 4) — 2(2A — 4 + 2) + 2(—4 +2 + )) 
= (3 — A)A? — 2(2\ — 2) + 2(A — 2) 
= —\3 + 3A? — 2A 
= —A(à2 — 3A + 2) 
=—A(A— 2)(A-—1) = 0. 
The eigenvalues of A are therefore \ = 2, A= 1 
and A = 0. 


Next we find the eigenvectors of A. 
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The eigenvector equations are 


(3 — A)z + 2y + 2z =0 
2z + (—2—A)y 2z=0 
£r + 2y + (2—A)z = 0. 


The eigenvector equations become 
x+ 2y+2z=0 
—2x4 — 4y — 2z =0 
x + 2y =0. 


Subtracting the third equation from the first, 
we obtain 2z = 0, which implies that z = 0. 
Substituting this into the equations gives the 
single equation x + 2y = 0. Thus the 
eigenvectors corresponding to À = 2 are the 


non-zero vectors for which z = —2y and 
z = 0; that is, the vectors of the form 
(—2k,k,0), where k #0. 
The eigenvector equations become 
2x + 2y+2z=0 
—2a = 3y — 2z =0 
x + 2y z=0. 


Adding the first and second equations, we 
obtain —y = 0, which implies that y = 0. 
Substituting this into the equations gives the 
single equation z + z = 0. Thus the 
eigenvectors corresponding to A = 1 are the 


non-zero vectors for which z = —2x and y = 0; 
that is, the vectors of the form 
(k,0,—k), where k £0. 
The eigenvector equations become 
3x + 2y + 2z =0 
—2a = 2y = 2z =0 
z+ 2y4+2z=0. 


Adding the first and second equations, we 
obtain x = 0. Substituting this into the 
equations gives the single equation y + z = 0. 
Thus the eigenvectors corresponding to ÀA = 0 
are the non-zero vectors for which x = 0 and 
z = —y; that is, the vectors of the form 


(0,k,—-k), where k 40. 
Thus the eigenvectors of the linear transformation 
t are the non-zero vectors of the forms 
(—2k,k,0), corresponding to À = 2, 
(k,0,—k), corresponding to \ = 1, 
(0,4,—k), corresponding to A = 0. 
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Solution to Additional Exercise C60 


The characteristic equation of A is 


a— À b 
c d— A 


=o. 


We expand this determinant and obtain 
(a — A)(d — à) — be = X° — (a + d)À + ad — bc 
=0. 
The result follows using the result from 


Subsection 1.4 of Unit A2 that the coefficient of A 
is equal to minus the sum of the roots. 


Alternatively, we can use the quadratic formula to 
obtain 


m=i ((a+¢) + Vla +d}? = ad — be) 
and 

ye ((a+¢) ~ fla +p = Aad — be) l 
The sum of these eigenvalues is 

s(at+d)+ 5(at+d)=a+d, 


as required. 


Solution to Additional Exercise C61 


The matrix of t with respect to the standard basis 
for R° is 

0 0 -2 

A=ļ|1 2 1 

1 0 3 


We use Strategy C18 to find the eigenvalues and 
eigenvectors of A, which are the same as those of t. 


First we find the eigenvalues of A. 


The characteristic equation of A is 


—À 0 —2 
1 2-42 1 | =0. 
1 0 3—A 
We expand this determinant and obtain 
2— À 1 1 2-A 
=a aA a |e 


Simplifying this expression, we obtain 


NO -1-0 -e 
={3=AN-AG -A+ 


à)) 
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The eigenvalues of A are therefore \ = 2, \ = 2 
and A= 1. 


Next we find the eigenvectors of A. 


The eigenvector equations are 


—rx — 22z=0 
x+(2—A)y+ z=0 
x +(3-—A)z=0. 
The eigenvector equations become 
—2r7 —2z=0 
r+ z=0 
r+ z=0. 


These equations are equivalent to the single 
equation x + z = 0. There are no constraints 
on y. Thus the eigenvectors corresponding to 
= 2 are the non-zero vectors for which 

x = —z; that is, the vectors of the form 


(—k, 1, k), 
The eigenspace S(2) is the set of vectors 
{(—k,l,k) : k,l € R}. 


Any vector in $(2) can be written as 
k(—1,0,1) +1(0,1,0), so 


{(—1,0, 1), (0, 1,0)} 
is a basis for S(2). 
Thus S(2) has dimension 2. 


The eigenvector equations become 


—x —2z=0 
r+ty+ z=0 
x +2z=0. 


The first and third equations imply that 
x+2z=0,so0 x = —2z. Substituting this 
into the second equation, we obtain 

y — z = 0, so y = z. Thus the eigenvectors 
corresponding to A = 1 are the non-zero 
vectors for which z = —2z and y = z; that is, 
the vectors of the form 


(—2k,k,k), where k 40. 
The eigenspace S(1) is the set of vectors 
{(—2k,k,k) :k €R}. 


Any vector in S(1) can be written as 
k(—2,1,1), so 


{(=2, 1, 1)} 


where k and l are not both 0. 
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is a basis for S(1). 
Thus S(1) has dimension 1. 


Solution to Additional Exercise C62 


(a) The matrix of t with respect to the standard 
basis for R? is 


1 1 
a(i 
(b) First we find the eigenvalues of A. The 
characteristic equation of A is 
1— à 1 


i gams 


We expand this determinant and obtain 
-A -1=0, 
which simplifies to 
àA? — 2A == 2) =0. 
The eigenvalues of A are therefore \ = 2 and 
à=0. 


Next we find the eigenvectors of A. The 
eigenvector equations are 


(1— A)z + y=0 
z+(1—A)y=0. 


The eigenvector equations become 


-r +y=0 
z—y=0. 
These equations give x = y. Thus the 
eigenvectors corresponding to À = 2 are the 
vectors of the form 


(k, k), where k £0. 

The eigenvector equations become 
xr+y=0 
r+y=0. 


These equations give x = —y. Thus the 
eigenvectors corresponding to À = 0 are the 
vectors of the form 


(k,—k), where k 40. 


The eigenvectors of A are the eigenvectors of t. It 
follows from Theorem C63 that we can form an 
eigenvector basis of t by taking one eigenvector 
corresponding to each eigenvalue. For example, 


E = {(1,1), (1, —1)}. 
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(c) It follows from Theorem C59 that 


2 0 
Bai) 
(d) It follows from Theorem C62 that P is the 


transition matrix from E to the standard basis 
for R2. So 


A. 


Solution to Additional Exercise C63 
We use Strategy C20. 
The eigenvalues of A are \ = —3 and à = 5. 
The eigenvectors of A are the non-zero vectors of 
the following forms: 

(—7k,k), corresponding to À = —3, 

(k, k), corresponding to à = 5. 
It follows from Theorem C63 that we can form an 


eigenvector basis of A by taking one eigenvector 
corresponding to each eigenvalue. For example, 


E = {(7, =1); (1, 1)} 
is an eigenvector basis of A. 


We use the eigenvectors in E to form the columns 
of the transition matrix: 


p-(7 3) 


We use the eigenvalues to form the diagonal 
matrix: 


i m n tHe 0 
P AP=D= ( 0 5) 
Solution to Additional Exercise C64 
We use Strategy C20. 
The eigenvalues of A are À = 2, A = 1 and A=0. 


The eigenvectors of A are the non-zero vectors of 
the following forms: 
(—2k,k,0), corresponding to À = 2, 
(k,0,—k), corresponding to \ = 1, 
(0,4, —k), corresponding to A = 0. 
It follows from Theorem C63 that we can form an 
eigenvector basis of A by taking one eigenvector 


corresponding to each of the three distinct 
eigenvalues. For example, 


E = {(—2,1,0), (1,0, —1), (0,1, —-1)} 
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is an eigenvector basis of A. 


We use the eigenvectors in E to form the columns 
of the transition matrix: 


—2 1 0 
P= 1 0 1 
0 -1 -1 


We use the eigenvalues to form the diagonal 
matrix: 


20 0 
P'AP=D=|0 1 0 
000 


Solution to Additional Exercise C65 
The eigenvalues of A are À = 2, A = 2 and à = 1. 
The eigenspaces of A are 


S(2) = {(—k,1,k) : k,l € R} 
S(1) = {(—2k, k, k) : k € R}. 


A basis for $(2) is {(—1,0, 1), (0,1,0)} and a basis 
for S(1) is {(—2,1,1)}. The set 


E = {(—1,0, 1), (0,1,0), (—2,1,1)} 


contains three vectors, so it is an eigenvector basis 


of A. 


We use the eigenvectors in E to form the columns 
of the transition matrix: 


—1 0 -2 
P= 0 1 1 
1 0 1 


We use the eigenvalues to form the diagonal 
matrix: 


200 
P'AP=D=|0 2 0 
00 1 


Solution to Additional Exercise C66 
We use Strategy C22. 
The characteristic equation of A is 


=k =l 
| — ge” 


We expand this determinant and obtain 
(5=Ay’=1=0, 
which simplifies to 


10h +24 = (A — 6)(à — 4) = 0. 
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The eigenvalues of A are therefore A = 6 and 
A=A4. 


The eigenvector equations are 


(5 —A)a — y=0 
=z + (5— à)y = 0. 


The eigenvector equations become 


—z—y=0 

—-x-y=0. 
These equations are equivalent to the single 
equation z + y = 0; that is, y = —x. Thus 
the eigenvectors corresponding to À = 6 are 
the non-zero vectors of the form (k,—k). 


An eigenvector of unit length corresponding 


to sis (J z) ee 
oA=6is | —,-— | = — (1, —1). 
v2 v2) v2 
The eigenvector equations become 
L-y= 
—r£+y= 


These equations are equivalent to the single 
equation x — y = 0; that is, y = x. Thus the 
eigenvectors corresponding to A = 4 are the 
non-zero vectors of the form (k, k). 


An eigenvector of unit length corresponding 


wielk (5) =z 


By Theorem C64 an orthonormal eigenvector basis 
of A is therefore 


e- (ra) Gra} 


We use the eigenvectors in E to form the columns 
of the transition matrix: 
il 1 


_( @ @)_4/( 10) 
act ca 


We use the eigenvalues to form the diagonal 
matrix: 


6 0 

T = pE 

P*AP=D= ¢ J 

There are many possible solutions to each of 


Additional Exercises C66-C68, representing 
different orderings of the eigenvectors. 
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Solution to Additional Exercise C67 
We use Strategy C22. 


The characteristic equation of A is 


—à 1 0 
1 -A O];=0. 
0 0 —-A 


We expand this determinant and obtain 


—-r 0 1 0 
Sie *I-( DJ+o=0 
which simplifies to 
A(—A)? = (—A) = -AQ? — 1) 


= —\(A—-1)(A+1) =0. 
The eigenvalues of A are therefore A = 1, A= 0 
and A = —1. 
The eigenvector equations are 
=0 
=0 
—rAz=0. 


The eigenvector equations become 


=0 


Àz + y 
xz — ày 


=r +y 


The third equation implies that z = 0. The 
first and second equations imply that y = z. 
Thus the eigenvectors corresponding to À = 1 
are the non-zero vectors of the form (k, k, 0). 


An eigenvector of unit length corresponding 


visti (= z 0) + (1,1,0) 
o = 1S Er ay = eae) > 
v2 v2 v2 
The eigenvector equations become 
y =0 
x =0 
0z = 


The first two equations imply that y = « = 0. 
The third equation gives no constraints on z. 
Thus the eigenvectors corresponding to A = 0 
are the non-zero vectors of the form (0,0, k). 


An eigenvector of unit length corresponding 
to A = 0 is (0,0, 1). 
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A= —1| The eigenvector equations become 
zr+y =0 
zr+y =0 
z=0. 


The first two equations imply that y = — zx. 
The third equation gives z = 0. Thus the 
eigenvectors corresponding to A = —1 are the 
non-zero vectors of the form (k, —k,0). 


An eigenvector of unit length corresponding 


1 1 1 
to à= —1 is ( —, -—~,0) = — (1, —1,0). 
(aya) = gob 
By Theorem C64 an orthonormal eigenvector basis 
of A is therefore 


e- (r) eana) 


We use the eigenvectors in E to form the columns 
of the transition matrix: 


1 1 
— 0 — 
V2 V2 i fi 9 1 
P=| 1 1 |=—ļ|1 0 -= 
=z 9 -| vV 
V2 V2 0 V2 0 
0 1 0 


We use the eigenvalues to form the diagonal 
matrix: 


10 0 
P7AP=D=|0 0 0 
0 0 =1 


Solution to Additional Exercise C68 
We use Strategy C22. 
The characteristic equation of A is 


1-r —4 2 
4 1-2 2 
—2— À 


=0. 


We expand this determinant and obtain 


1— à —2 —4 —2 
a-a) 2 2 *4| 2 ae, 
—4 1-xX 
rapt lao 
which simplifies to 
(1— A)((1 — A)(—2 — A) — 4) + 4(—4(—2 — A) + 4) 


+ 2(8 — 2(1 — A)) 

= (L—A)(A27 +A — 6) + 4 (4A + 12) + 2 (2A + 6) 
= (1 = A)(A + 3)(A — 2) + 16(A +3) + 4(A + 3) 
= (A +3)(—A? + 3A + 18) 

= —(A+3)(A—6)(A+ 3) = 0. 
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The eigenvalues of A are therefore \ = 6, A = —3 
and A = —3. 


The eigenvector equations are 


(1 — A)z — 4y + 2z=0 
—4r + (1 — à)y — 2z=0 
2x — 2y + (-2—A)z = 0. 


The eigenvector equations become 


—5a — 4y + 2z = 0 
—4z — 5y — 2z = 0 
2x — 2y — 8z = 0. 

Adding the first and second equations gives 
—9x — 9y = 0, which implies that y = — zx. 
Substituting this in the third equation gives 
4x — 8z = 0, which implies that x = 2z. Thus 
the eigenvectors corresponding to À = 6 are 
the non-zero vectors of the form (2k, —2k, k). 
Now, (2k, —2k,k) = k(2,—2, 1), so 
{(2, —2,1)} is a basis for S(6). 


An orthonormal basis for S(6) is 
(5753) = {32-20}. 


A= —3| The eigenvector equations become 


4x — 4y + 22 =0 
—4xz + 4y — 2z =0 
2x —2y+ z=0. 


These equations are all equivalent to the 
single equation 

2x —-2y+2z=0, 
so z = 2y — 2a. Thus the eigenvectors 


corresponding to A = —3 are the non-zero 
vectors of the form (k,l,2(l — k)). 


Now, (k, l, 2(1 i k)) = k(1, 0, =2) + 1(0, 1, 2), 
so 

{(1, 0, —2); (0, 1, 2) 
is a basis for S(—3). 
To find an orthogonal basis for S(—3), we use 
the Gram-Schmidt orthogonalisation process. 
Let the basis we seek be {v1, v2} with 
vı = (1,0, —2). Let w2 = (0,1, 2). 


Then 
(= xe) 
V2 = W2 — | ————— | V1 
Vie V1 
= (0,1,2) + (1,0, —2) 
_ (4 2 
= (Ei lys) 
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An orthonormal basis for S(—3) is therefore 


(e-a) (Gaze 7a) } 


a {$e (1,0,.-2), 5 (45,2) 


By Theorem C64 an orthonormal eigenvector basis 


of A is therefore 


G- 


1 1 1 
= 5 2-21), (10-2, (45,2) 


We use the eigenvectors in this basis to form the 


columns of the transition matrix: 


We use the eigenvalues to form the diagonal 
matrix: 


6 0 0 
PTAP=D=ļ|0 -3 0 
0 0 -3 


Solution to Additional Exercise C69 


If A is orthogonally diagonalisable, then there 
exists an orthogonal matrix P such that 
D = PT AP is diagonal. 


Now the matrix D is diagonal so DT = D. Using 
the fact (from Subsection 5.4 of Unit C1) that for a 


pair of matrices B and C we have 
(BC)? = CTBT, we get 


D = D? =(P’ AP)! 
= PP Al (Pl)? 
= PTATP. 
So PTAP = PTATP. 


Multiplying on the right by PT and the left by P 
we get IAI = IATI, and thus A = AT and hence 


the matrix A is symmetric. 


$3) (at) Ge 
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Solution to Additional Exercise C70 


(a) To verify that A is orthogonal, it is sufficient 
to show that ATA =I. 


2 _6 3 2 6 _3 
ATA = é 53 6 § 3 
A £3 6/\ 33 l 
T 7 7 T -T 7 
2 0 0 1 0 0 
=|0 Z 0 |= 0 1 0| =I, 
00 3 001 
so A is orthogonal. 
(b) 
At=AT=[ 8 2 2 
A 2s 
7 7 7 
(c) We evaluate the determinant of A: 
2 6 _3 
§ 3 3 
Sh § 
7 7 7 
olè 2) e|- 2) |- 3 
=a a-e H-a 3 
7 7 Gh T 4 
= 7 (a5 — a5) — 7 (—a3 — a9) — 7 (-a9 a) 


— _l 
= 3} (28 + 252 + 63) 
= 343 1 


Therefore A represents a rotation of R3. 


Solution to Additional Exercise C71 
We use Strategy C24. 


1. 


Introduce matrices. 


We have 


. Align the axes. 


The matrix is already in diagonal form. (The 
axes of the conic are parallel to the x-axis and 
y-axis of R?.) 


. Translate the origin. 


We write the equation as 
(a? — 4a) — 2(y? + 6y) 


Completing the squares in the equation, we 
obtain 


18 = 0. 


(x — 2)? — 4- 2(y +3)? +18-18=0. 
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Substituting 
zo=ag—2, and y’=y+3 
in this equation and simplifying, we obtain 
a- 2y')? -4=0. 

The equation of the conic in standard form is 
Ge a 

4 2 
The conic is a hyperbola. 


There are many possible solutions to each of 
Additional Exercises C'71-C75, representing 
different orderings of the eigenvectors. 


Solution to Additional Exercise C72 
We use Strategy C24. 
1. Introduce matrices. 


We have 


a(i) m s-h) 


2. Align the axes. 
In Additional Exercise C66 you showed that 
6 0 
T 2 
prap = (6 9), 


where 


Il 
al-sl- 
al-s- 


There are no linear x or y terms, so 
(f 9)=(0 0). 
The equation of the conic is now 
6(x')? + 4(y’)? —1=0. 
3. Translate the origin. 


No translation is required: the conic is centred 
at the origin, since there are no linear x or y 
terms. 


The equation of the conic in standard form is 
6(2’)* + 4(y')? = 1. 


The conic is an ellipse. 
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Solution to Additional Exercise C73 
We use Strategy C25. 


1. Introduce matrices. 


We have 
0 1 0 —6 
A=1{1 0 0 and J= | 10 
0 0 0 1 


2. Align the axes. 
In Additional Exercise C67 you showed that 


10 0 
PTAP=ļ|0 0 O}, 
0 0 =i 
where 
1 1 
— 0 — 
2 2 
P—| 1 0 1 
V2 V2 
0 1 0 
So 
1 1 
— 0 2 


= (2V2 1 —8/2). 
The equation of the quadric is now 
(£)? — (2)? + 2V2x' + y' — 8V2’ = 30 = 0. 
3. Translate the origin. 


We write the equation as 
((2')? + 2v2x') +y- (2)? + 8V22') -30 =0. 


Completing the squares in this equation, we 
obtain 


(a! + V2)? — 2 +y' — (z! + 4/2)? + 32 — 30 = 0. 
Substituting 
a =a + V2, yl =y, 2 =z HAV 
in this equation and simplifying, we obtain 
("P +y" - ("P =0. 
The equation of the quadric in standard form is 
y" = (2P — ly. 


This is the equation of a hyperbolic paraboloid. 
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Solution to Additional Exercise C74 
We use Strategy C25. 


1. Introduce matrices. 


We have 
1 0 0 1 
A=]0 1 0 and J= 0 
0 0 0 —1 


2. Align the axes. 


The matrix is already in diagonal form. (The 
axes of the quadric are parallel to the z-axis, 
y-axis and z-axis of R.) 


3. Translate the origin. 


We write the equation as 
(£? +2) +y?—z=0. 


Completing the square in the equation, we 
obtain 


Substituting 
a =a2+5, y =y, z =z+ł 
in this equation and simplifying, we obtain 
P+- =0. 
The equation of the quadric in standard form is 
z! — (x’)? + (y). 


This is the equation of an elliptic paraboloid. 
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Solution to Additional Exercise C75 
We use Strategy C25. 
1. Introduce matrices. 

We have 


0 1 0 0 
A= {1 0 0 and J= |0 
000 1 

2. Align the axes. 


This matrix A is the same as the matrix A in 
Additional Exercise C73, so we have 


10 0 
P7AP=[0 0 0], 
0 0 -1 
where 
1 i 1 
V2 V2 
P= 1 0 — 1 
V2 V2 
0 1 0 


So 
1 1 
v2 v2 
(ff 9 A= 0 YJ Lg 4 
va! zA 
0 1 0 
=(0 1 0). 
The equation of the quadric is now 
(x’)? = (2')? + y' =0. 


3. Translate the origin. 


No translation is required: the quadric is 


centred at the origin, since there are no linear x’ 


or z’ terms. 


The equation of the quadric in standard form is 
y' = —(x")? + (2). 


This is the equation of a hyperbolic paraboloid. 
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